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Qh' Abstract: Taking the simple examples of an Abelian 1-form gauge theory in two (1+1)- 

pH ! dimensions, a 2-form gauge theory in four (3+l)-dimensions and a 3-form gauge theory 

in six (5+l)-dimensions of spacetime, we establish that such gauge theories respect, in 
ff^ \ addition to the gauge symmetry transformations that are generated by the first-class con- 

^ ' straints of the theory, additional continuous symmetry transformations. We christen the 

latter symmetry transformations as the dual-gauge symmetry transformations. We gen- 
•^ . eralize the above gauge- and dual-gauge symmetry transformations to obtain the proper 

• \ (anti-)BRST and (anti-)dual-BRST transformations for the Abelian 3-form gauge theory 

Q \ within the framework of BRST formalism. We claim that any arbitrary Abelian j^-form 

CN ' (p = 1, 2, 3, ...) gauge theory would respect the above cited additional symmetry in D = 2p 

dimensions of spacetime. By exploiting the above inputs, we establish that the Abelian 
3-form gauge theory, in six (5 + l)-dimensions of spacetime, is a model for the Hodge theory 
^ ! whose discrete and continuous symmetry transformations provide the physical realizations 

of the de Rham cohomological operators of differential geometry. As far as the physical 
utility of the above nilpotent symmetries is concerned, we demonstrate that our present 
theory is a field theoretic model for the quasi topological field theory (q-TFT). 
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1 Introduction 

It has been well-established that the four (3 + l)-dimensional (4D) non-Abelian 1-form 
(A'^^^ = dx^A^) gauge theories are at the heart of standard model of high energy physics 
where there is a stunning degree of agreement between theory and experiment. Two of the 
central shortcomings of the standard model of particle physics are the experimental observa- 
tion of the mass of the neutrinos and, so far, no concrete experimental detection of the Higgs 
particles which provide masses to the gauge bosons and fermions of the standard model 
of particle physics. It has been possible to construct models that provide masses to the 
(non-)Abelian 1-form gauge bosons without taking any recourse to the Higgs mechanism. 
These models are based on the merging of 1-form and 2-form [B^'^^ = {1 / 2\) (dx^ A dx'^) B ^^] 
gauge fields through the topological coupling [1-4]. In an exactly similar fashion, the 2-form 
gauge boson has been found to acquire a mass through the topological coupling with the 
3- form gauge field (see, e.g., [5]). Thus, there has been a renewed interest in the study of 
the higher p-form {p = 2, 3, 4, ...) gauge theories. One of the central purposes of our present 
investigation is to discuss some novel continuous and discrete symmetry transformations 
that are associated with the 6D Abelian 3-form gauge theory. 

In recent years, it has become fashionable to study higher Z)-dimensional [(D — 1) -|- 1] 
(with D = 5,6, 7, ...) p-form tensor gauge fields because these fields appear in the quantum 
excitations of the (super)string theories and related extended objects (see, e.g., [6-8]). In 
fact, as is well-known, the quantum versions of the (super) strings themselves live in dimen- 
sions of spacetime that are higher than the physical four (3 -|- l)-dimensions of spacetime. 
Thus, from the point of view of the modern developments in (super) string theories, it is 
important to study higher p-form gauge theories in higher dimensions {D > 4) of space- 
time. There is yet another motivation to study, particularly, higher Abelian p-form {p > 2) 
gauge theories in higher dimensions {D > 4) of spacetime. In our very recent paper on the 
existence of the (anti-)dual Becchi-Rouet-Stora-Tyutin (BRST) symmetries [9], we have 
claimed that the dual-gauge- and (anti-)dual BRST symmetries would always exist for any 
arbitrary Abelian p-form gauge theory in the specific Z)-dimensions of spacetime (when 
D = 2p). In other words, we have proposed that, besides the usual gauge- and corre- 
sponding nilpotent (anti-)BRST symmetries, any arbitrary Abelian p-form gauge theory 
would be also endowed with the dual-gauge- and corresponding nilpotent (anti-)dual BRST 
symmetry transformations in the spacetime dimensions D = 2p. 

To follow the current trends and to corroborate the above assertions, we have chosen 
the 6D Abelian 3-form gauge theory to demonstrate that it respects the dual-gauge- and 
nilpotent (anti-)dual BRST [or (anti-)co-BRST] symmetries along with the usual gauge- 
and corresponding nilpotent (anti-)BRST symmetries. As a consequence, the present the- 
ory provides a tractable field theoretic model for the Hodge theory in six (5 -|-l)-dimensions 
of spacetime as do the Abelian 1-form gauge theory in two (1 -|- l)-dimensions [10-12] and 
Abelian 2-form gauge theory in four (3 + l)-dimensions of spacetime [13-16]. In all the 
above theories, we have obtained the physical realizations of the de Rham cohomological 
operators of differential geometry [17-20] in the language of discrete and continuous symme- 
try transformations. Furthermore, we have deduced the analogue of the celebrated Hodge 
decomposition theorem in the quantum Hilbert space of states for the above theories. 

In our present investigation, we have taken the (anti-)BRST invariant coupled (but 



equivalent) Lagrangian densities from our earlier works [21,22] on the superfield approach 
to BRST formalism for the Abelian 3-form gauge theory in any arbitrary Z)-dimensions 
of spacetime where we have established the connection of the Curci-Ferrari (CF) type 
restrictions with the geometrical objects called gerbes (see, e.g., [22] for details). It is 
the specific property of the six (5 +1) dimensional (6D) spacetime that the kinetic term 
(j^H'^^^'^H^i.rjK) of the above Lagrangian densities can be linearized [cf.(30),(31)] by ex- 
ploiting the 6D Levi-Civita tensor {e^vrjKpa)- This linearization enables us to derive the 
dual-gauge- and nilpotent (anti-)dual BRST transformations besides the usual gauge- and 
off-shell nilpotent (anti-)BRST transformations. We have deduced a bosonic symmetry 
in the theory which is obtained from the suitable anticommutators between (anti-)BRST 
and (anti-)co-BRST symmetry transformations. We show, in our present endeavor, that 
there are, in totality, six useful continuous symmetries in the theory that include the usual 
ghost-scale symmetry transformations as well. There also exists a set of discrete symmetry 
transformations in the theory which plays a very crucial role in our present discussions on 
the proof of our 6D free Abelian gauge theory to be a tractable model for the Hodge theory. 

The physical relevance of all these studies, it may be pointed out, is the observation 
that the 2D free Abelian 1-form gauge theory provides a new model [23] for the topological 
field theory (TFT) which captures a part of the key features of Witten type TFT and 
some salient features of Schwarz type TFT. In an exactly similar fashion, we have been 
able to prove that the 4D Abelian 2-form gauge theory is a model for the quasi-topological 
field theory (q-TFT) [24]. We demonstrate, in our present endeavor, that present 6D 
Abelian 3-form gauge theory is also a model of q-TFT apart from being a cute model for 
the Hodge theory. To study the physical constraints on the theory, we exploit the Hodge 
decomposition theorem in the quantum Hilbert space of states and choose the physical state 
to be the harmonic state of the theory [which is (anti-)BRST as well as (anti-)co-BRST 
invariant and, hence, is the most symmetric state in the theory]. We have already chosen 
such a physical state (i.e. the harmonic state) in our earlier works on the proof of the exact 
topological nature of the free 2D Abelian 1-form gauge theory [25,26]. 

The following factors have spurred our curiosity and interest in pursuing our present 
investigation. First, to put our claim [9] on a firmer-footing, it is essential for us to show 
that the 6D Abelian 3-form gauge theory is also endowed with the dual-gauge- and off-shell 
nilpotent (anti-)co-BRST symmetry transformations as we have been able to show in the 
cases of 2D Abelian 1-form and 4D Abelian 2-form gauge theories. Second, our present 
exercise helps us to establish that the 6D Abelian 3-form gauge theory is a model for the 
q-TFT which is similar in contents and textures as the 4D Abelian 2-form gauge theory 
(see, e.g., [24]). Finally, it is always challenging to explore some new features that turn up 
in the study of the higher D-dimensional {D > 4) and higher p-iorra {p > 2) gauge theories 
that are, in some sense, generalizations of the usual 4D gauge theories based on the 1-form 
potentials (that provide the basis for the standard model of particle physics). 

The material of our present investigation is organized as follows. In Sec. II, we discuss 
the continuous (dual-)gauge transformations and discrete symmetry transformations for the 
Abelian 1-form, 2-form and 3-form gauge theories in 2D, 4D, 6D spacetime, respectively. 
We also make brief comments on the (anti-)BRST and (anti-)co-BRST symmetry transfor- 
mations associated with the 2D Abelian 1-form and 4D Abelian 2-form gauge theories in 
this section. Our Sec. HI is devoted to the discussion of (anti-)BRST symmetries and corre- 



spending conserved charges for the 6D Abehan 3-forni gauge theory. In Sec. IV, we discuss 
about the (anti-)co-BRST symmetries and corresponding charges for the above 6D Abehan 
3-form gauge theory. We derive the anticommutators of (anti-)BRST and (anti-)co-BRST 
symmetries in Sec. V and deduce a single bosonic symmetry and its corresponding charge. 
We take up the ghost-scale symmetry in Sec. VI and derive its conserved charge. In Sec. 
VII, we discuss the algebraic structures of all the conserved charges and devote time on 
the analysis of cohomological aspects of the above algebraic structures. Our Sec. VIII is 
devoted to the proof that our present theory is also a model for the q-TFT. Finally, we 
make some concluding remarks and point out a few future directions in Sec. IX. 

In our Appendices A, B and C, we discuss some explicit computations that have been 
used in the main body of our text (i.e. the derivation of coupled Lagrangian densities (30), 
(31) and the extended BRST algebra [cf. (79)]). Further, in our Appendix D, we discuss 
very briefly the self-duality condition for the general D = 2p dimensional Abelian p-form 
gauge theory. Our Appendix E is devoted to the discussion of extra bosonic symmetries. 

Notations and conventions: We adopt here the conventions and notations such that the 
background flat D-dimensional Minkowskian spacetime manifold is endowed with a metric 
that has signatures (+1, —1, —1, ...) so that the dot product between two non-null vectors Pfj, 
and Q^ is: P-Q = Pfj.Q'^ = PoQo—PiQi, where the Greek indices /i, u, p, ... = 0, 1, 2, ..., D — 1 
correspond to the spacetime directions and the Latin indices i,j,k,... = 1,2,3, ...,D — 
1 stand for the space directions only. We also follow the convention: {5B^y/5Bp(j) = 
il/2l)i6^^5: - 6^5;), i5A,,r,/6A,^,) = (l/3!)[5^(5,-(5« - 5«5,-) + 6;i6:6^^ - 6^J^) + 5;i6^J'^^ - 
K^ri)]y stc, where Bf^i, and A^^^r) are the totally antisymmetric tensor gauge fields. 

2 Preliminaries: dual- gauge symmetries 

In our subsection 2.1, we briefly mention the key points connected with the (dual-)gauge 
transformations for the Abelian 1-form and 2-form gauge theories in 2D and 4D flat 
Minkowskian spacetime, respectively [10-16]. In subsection 2.2, we discuss about the con- 
tinuous (dual-)gauge- and discrete symmetries for the 6D Abelian 3-form gauge theory. 

2.1 Abelian l-form and 2-forni gauge theories: symmetries 

We begin with the two (1 + l)-dimensional (2D) gauge-flxed Lagrangian density for a free 
Abelian 1-form gauge theory in the Feynman gauge (see, e.g., [10-12]) 

^(1) = - \ F.^F^'' -\{d-Af ^\E'-\{d- Af, (1) 

where F^^, = d^A^ — d^A^ is derived from the 2-form [F^'^'> = {l/2\){dx^ A dx'^) F^^] which 
owes its origin to the application of an exterior derivative d = dx'^d^ (with d'^ = 0) on a 
1-form (A^^^ = dx^Afj) corresponding to the gauge potential A^. The gauge-flxing term 
{d ■ A) is obtained from the application of a co-exterior derivative 6 = — *d* (with S"^ = 0) 
on the 1-form gauge connection A^-^\ Here (*) is the Hodge duality operation on the 2D 
spacetime flat Minkowskian manifold. In 2D spacetime, the only existing component of the 
curvature tensor F^i, (/i, z/, ... = 0, 1) is the electric fleld (i.e. Fqi = — Fio = E). 



The gauge- and the dual-gauge symmetry transformations {Sg, 5dg) for the above gauge- 
fixed Lagrangian density (1) are given by (see, e.g., [10-12] for details) 

6gA^{x) = d^ n{x), 6dgA^{x) = - e^, d" S(a;), (2) 

where VL{x) and S(a;) are the infinitesimal local gauge- and dual-gauge parameters, respec- 
tively, and Efj^y is the 2D Levi-Civita tensor with 5oi = +1 = — s^^ . The latter satisfies 
^^lu ^^^ = —2!, e^i, e^^ = —S^, etc. It should be noted that, under the infinitesimal gauge 
{Sg)- and dual-gauge {6dg) symmetry transformations, the curvature tensor F^^ and the 
gauge-fixing term {d ■ A) remain invariant, respectively. One can check that, under the 
above infinitesimal transformations (2), the Lagrangian density transforms as 

6gC^,) = -{d ■ A) (D n), 6dgC(i) = (E) (D S). (3) 

We note that the Lagrangian density remains invariant under the above symmetry trans- 
formations (2) if we impose the conditions D Q{x) = and D S(a;) = from outside. 
However, we obtain a perfect symmetry invariance of the modified version of the above 
Lagrangian density within the framework of BRST formalism where the (dual-)gauge sym- 
metry transformations are generalized to their counterparts. The latter symmetries are 
nothing but the supersymmetric type (on-shell as well as off-shell nilpotent) (co-)BRST 
and (anti-)BRST symmetry transformations (see, e.g., [10-12]). 

In two dimensions of spacetime, the self-duality condition on the Abelian 1-form gauge 
connection is defined in terms of the Hodge duality (*) operation as 

* A(i) = rfx^ (- Ef,^ A'') = dx^" A^. (4) 

Thus, we observe that Afj_ = — e^,^A'^. Under the transformation A^ ^ Afj_ = — ef^^A'^, 
it can be checked that £(i) — )> — 'C(i) because of the fact that {d ■ A) < — > E . As a 
consequence, the Lagrangian density £(i) is noi self-duality invariant. However, it is obvious 
that, under the discrete symmetry transformations A^ — > =p i e^yA^ , we have £(i) — )■ 
£(1). These discrete symmetry transformations are at the heart of the existence of dual- 
gauge symmetry transformations in the theory. The latter provides a physical realization 
of the Hodge duality (*) operation of differential geometry [10-12]. Furthermore, these 
symmetries are the reasons behind the existence of similar kind of restrictions on the (dual-) 
gauge parameters S(a;) and f2(x) for the (dual-)gauge invariance of £(i) [cf. (3)]. The above 
continuous and discrete symmetries have been exploited in the case of (non-)interacting 2D 
Abelian theory within the framework of BRST formalism and these theories have been 
shown to be the models for Hodge theory (see, e.g., [10-12]) as, the interplay of these 
symmetries, provide the physical realizations of all aspects of the de Rham cohomological 
operators of differential geometry [17-20] in terms of the above symmetry transformations. 
With the above background, let us look at the 4D free Abelian 2-form gauge theory 
which is described by the gauge-fixed Lagrangian density (in the Feynman gauge) as 

^(2) = ^ H,y,H^^^ + 1 {d.B^^WB,,), (5) 

where H^y^ = d^B^^^ + d^B^^^ + d^^B^^ is the totally antisymmetric curvature tensor derived 
from the 3-form [if (3) = (^5(2) ^ (^i/^]^ {dx^ A dx" A dx'^) H^^^]. The latter is obtained from 



the application of the exterior derivative d on the 2-forni [B^"^^ = {l/2\){dx^ Adx'^) B^J\ an- 
tisymmetric {Bfj_y = —By^) tensor gauge field B^^. The gauge-fixing term (in the Feynman 
gauge) can be obtained by the action of the co-exterior derivative 5 on the 2-form gauge 
field \5B^ "> = [d^ Bu^)dx^]. The above Lagrangian density (5) transforms as 

5gC(^2) = {d.B^^n [D n, - d,{d ■ n)] , 5dC^2) = ^ e,,^^ H^""^ [D S'^ - d'^id ■ S)] , (6) 
under the following gauge- and dual-gauge transformations: 

5gBfj_,, = {d^jVty — dyVt^), SgH^t,^ = 0, 

SdgB^y = £^,,«9''S^ Sdgid^B^,) = 0, (7) 

where f2^(a:) and S^(a;) are the infinitesimal local gauge- and dual-gauge parameters and 
£^lur]K is the 4D Levi-Civita tensor with £0123 = + 1 = — e°^^'^. Furthermore, we note that 

key features of the above continuous (dual-)gauge transformations are the invariance of the 
gauge-fixing and kinetic terms, respectively. We note that, for the (dual-)gauge invariance 
in the theory, we have to impose D S^ — (9^(9-S) = 0, n Qfj_ — d^{d-Q) = in equation (6) 
from outside. However, these restrictions are not required within the framework of BRST 
formalism and there exists a perfect symmetry in the theory (see, e.g., [13-16]). 

The self-duality condition on the 2-form B^"^^ can be defined in terms of the Hodge 
duality (*) operation (on the 4D fiat spacetime manifold) as: 

^ {dx^ A dx^ e^,,, B^^ = {dx^ A dx") B,,, B,, = ^ 

It turns out that the gauge-fixed Lagrangian density (5) respects the discrete symmetry 
transformations B^^, — )■ ± | e^yr^^B'^'^ (i.e. C(2) -^ ^{i)) because the kinetic and gauge- 
fixing terms exchange with each-other [i.e. -^H^^'^H^i,^^ ^ ^{d^B'^^){d^'Bjjy)]. It is clear 
from (8) that the existence of this discrete symmetry transformations owes its origin to 
the self-duality (Hodge duality) condition. We further note that the above (dual-)gauge 
continuous symmetry transformations as well as discrete symmetry transformations have 
been exploited within the framework of BRST formalism and, in our earlier works [13-16], 
it has been established that the Abelian 2-form gauge theory is a field theoretic model 
for the Hodge theory in the 4D Minkowskian fiat spacetime (as it provides the physical 
realizations of the de Rham cohomological operators of differential geometry). 

2.2 Abelian S-forrn gauge theories: symmetries 

Let us begin with the following gauge-fixed Lagrangian density for the 6D Abelian 3-form 
gauge theory in the Feynman gauge (see, e.g., [21,22] for details) 

^(3) = ^ H^'-'-H,,,^ + i {d.A^-'^) (d^A,,,), (9) 

where the curvature tensor Hfj_yr,K = df^Aun^ — d^Arin^ + dr,Ai^^tj — d^A^^rj (of the kinetic 
term for the gauge field A^^rj) is derived from the following 4-form 



5(2) = _ ^dx^' A dx^) e,,^^ E"" = {dx^ A dxn B^y, B^, = - e,,,^ B^\ (8) 



Here d = dx^d^ is the exterior derivative and 3-form A^'^'^ = ^{dx'^ A dx'^ A dx^) A^^^ 
defines the totally antisymmetric tensor gauge field A^,^^. The gauge-fixing term of (9) has 
its origin in the co-exterior derivative S = — * d * as 6A^^^ = ^ {dx^ A dx'') [d'^Ar^^y) 
where * is the Hodge duality operation on the 6D Minkowskian fiat spacetime manifold. 
We define the following local, infinitesimal (dual-)gauge transformations {5dg,5g): 

(^dg^fii/ri 7)7 ^ ^lurjKpcT O l-i , 0dg\O /^^rjiiu ) U, 

where S^^(a;) and VLfj_y{x) are the (dual-)gauge parameters in the theory. The totally 
antisymmetric 6D Levi-Civita tensor satisfies e^uriKXp s'^^^'^^p = —6!, e^uriKXp e^^^'^^'^ = 
—5! 5^, etc., and we have chosen 5012345 = +1 = —5012345^ j^ jg ^^ ]^g noted that the 
gauge-fixing and kinetic terms, owing their origin to the (co-)exterior derivatives, remain 
invariant under the (dual-)gauge transformations, respectively. Furthermore, we obtain the 
following transformations for the Lagrangian density £(3) under (11), namely; 

<5,£(3) = {d,A^'''^)[Dn,, + d,{d'nj-dr,{d'n,,)]. (12) 

Thus, we observe that, for the (dual-)gauge invariance, exactly similar kind of restrictions 
must to be imposed on the (dual-)gauge parameters S^;y(a;) and Q^^{x), namely; 

D S^, + d^ (9^S,a) - d, (d^^^x) = 0, 

D n^, + d^ (d^n.x) - d, (d^n^x) = 0. (13) 

The reason behind these restrictions is the existence of a discrete symmetry invariance in 
the theory which we elaborate below in an explicit manner. 

Let us consider the self-duality condition for the Abelian 3-form connection A^^' in the 
language of the Hodge duality (*) operation (defined on a 6D Minkowaskian manifold): 

* (A(3)) = 1 (rfx^ A dx' A dx'') A,,„ A,,, = - ^ e,,r,.p. A^p\ (14) 

As we have seen the importance of self-duality transformations in the context of Abelian 
1-form and 2-form gauge theories, under the following discrete symmetry transformations: 

the Lagrangian density £(3) remains invariant. We note, once again, that the symmetry 
transformations (15) owe their mathematical origin to the self-duality condition (14). In 
fact, the self-duality condition (14) is the root-cause for the existence of dual-gauge symme- 
try transformations in the theory and the derivation of similar kind of restrictions in (13). 
We would like to lay emphasis on the fact that the discrete symmetry transformations (15) 
would provide the physical realizations of the Hodge duality (*) operation of differential 
geometry as we shall see later in the context of BRST formalism (see. Sec. VH below). 



We can linearize the kinetic and gauge-fixing terms by invoking the Nakanishi-Lautrup 
type auxihary fields K^i, and /C^j^ as given below: 

'^(K) = \ ^'"^.u - /C^^ (j^ £^.,.p. H^^pA + K^'' {d'^A,,,) - 1 K^^^K,,. (16) 

The gauge- and dual-gauge transformations {5g, Sdg), for the fields of this linearized version 
of the gauge-fixed Lagrangian density, are 

^g^lMuri 0'/^' 'j/»7 T Oi^iL^i^ + Oj^\L^i,^ Og\n ^iiyjk) U, OgJX^iy U, Ogl\,^u U, 
^dgA^u-q = 21 ^ fiurjKpa O'^T,'^'^ , Sdg{d^ A^^^) = 0, ^dgK^u = 0, ^dg^fiu = 0. (17) 

One can check that, under the above infinitesimal (dual-)gauge symmetry transformations, 
the Lagrangian density C^k) transforms as: 



5dg^(K) - 


= -K^"" 


ns^, + 9^(9''s.,)- 


- d^id^i:,,) 


SgC(K) = 


= +K'"' 


D n^, + d^id^'n.r,) - 


- d^id^n^,) 



Thus, once again, the restrictions (13) have to be imposed for the (dual-)gauge invariance 
of C(^K)- This is due to the self-duality invariance in the theory. 

The generalization of the discrete symmetry transformations (15) can be written for the 
Lagrangian density C(^k), in terms of its fields, as 

It is interesting to point out that the Lagrangian density (16) can be further generalized 
by incorporating the Lorentz vector fields (p^ and 0}i as given below: 

+ K^-^ (^d^A,,^ + 1 [9,0« - 9.0«] ^ - i K^^K,^, (20) 



- K^'^ [d^A,,^ - \ [9,0« - 9,0«] ) - ^ K^^K,,, (21) 

where ¥ip,i, and K^y are the additional Nakanishi-Lautrup auxiliary fields that have been 
invoked for the most general form of the gauge-fixed Lagrangian densities. It should be 
mentioned here that we have freedom to add/substract the 2-forms: F*^^) = d^'^^^ = ^{dx'^A 

dx'')[d^(l)i^^ - (9^0!.^^], J^(2) = d¥^^ = lidx^" A dx'')[df,(l)l^^ - (9^0!f)] to the 2-forms * H^^^ = 
^{dx^" A dx^) e^^y^npa H'T'P'' and 5A^^^ = ^{dx>' A dx''){d'>Ar^^^) that are present in the 6D 



d^JC^r, + dXr,^. + dr,K:^, + - 5^,,,,, 8^ KP"" = 0, 9^£^^ = 0, UK ^, = 0. (23) 



Lagrangian density (16). The above coupled set of Lagrangian densities will be further 
generalized for the BRST analysis of the present theory in the forthcoming sections. 
The equations of motion that emerge from the Lagrangian density C((I,^k) are: 

IC,. = ^ e,.,.p.H^^''' + I [d,<Pl^^ - 9.0f ] , n0(f) -d,{d- 0(2)) = 0, 

K,. = d'^Ar,,, + ^ [9^0W - 9,0«] , n0« -d,{d- 0(1)) = 0, DA,,, = 0, 

d^Kr, + d.Kr,^ + d^K^, + i £^,,,p. d^KP'' = 0, d^K'^'' = 0, D/C^, = 0, 

d^K,^ + <9,/C,^ + 9,/C^, + ^ £^,^«,, S'^iT^'^ = 0, d^K,''" = 0, Di^^, = 0. (22) 

Furthermore, the equations of motion, that are derived from the coupled Lagrangian density 
£(0X), are same as (22) except the following equations: 

IC,. = -^ e,,,,,,H^^P^ + i [9^0(2) - 9,0f ] , i^^, = -d'^A,,, + i [9^0« - 9,0«] , 

1 - 

1 

2 
We infer from the above equations that we have the following CF-type of restrictions: 

K,, + K,, = 9^0« - 9,0« , IC,, + £^, = .9^0(2) - d,(t>f ■ (24) 

The above CF-type of conditions are responsible for the equivalence of the Lagrangian den- 
sity (20) and (21) which can be checked explicitly (modulo some total spacetime derivatives). 
This is the reason that we call these Lagrangian densities as the coupled and equivalent 
Lagrangian densities for our present 6D Abelian 3-form gauge theory. 

The discrete symmetry transformations (19) can be further generalized for the coupled 
Lagrangian densities (20) and (21) as given below: 



(25) 



(26) 

The above transformations are the symmetry transformations for the Lagrangian densities 
(20) and (21). Under the following continuous (dual-)gauge transformations 

5aglC,, = 0, 5,,0« = 0, 5agct>f = 9^'S,^ + O^x, 

5gK:,, = 0, 5gc^f = 0, <5,0« = 9"^,^ + d,C, (27) 

9 



K^,^ - 


-)■ ± i JC^u, 


i^pu 


-^ ± i K^^, 


A^u-q 




<^^ - 


-^ ±^<P?\ 


<p'p - 


-^ ±^<Pi\ 






K^u - 


-)■ ± i )C^^, 


f^^u 


-^ ± i K^^, 


^jiurj 


^ 01 I^^V'^P'^ ' 


0;.^^ - 


-^ ±.0?\ 


^f - 


-^ ±^0!.'). 







the coupled Lagrangian densities (20) and (21) transform as: 



^dg^{(p,K) 



_j^^v 



^dg^(<f,,K) — ^'^^ 



Sg^{(P,K) = K^" 



^g^{<t>,K) = -K^" 









-(9,fi'''^)[n0«-9.(9-0«) 



-{d,^'^ 



n0«-9,(9-0«) .(28 



It should be noted that the 2- forms F^"^^ = d^'^^^ and J-''-^^ = d^'^^\ present in the Lagrangian 
densities (20) and (21), permit us to have the vector f/(l) gauge transformations ^'-^^ — ?■ 
$'(1) = $(1) + rfC^") and l>(^) -)■ l>'(^) = l>(^) + dx^^^- As a consequence, in the (dual-)gauge 
transformations (27), we have included the (dual-)gauge parameters x and ( corresponding 
to the zero-forms x'''^'* and ('^'^\ It can be checked that, under the following conditions: 



DQ^, + d^id'^n,,) - 


- d^id'^n^,) = 0, 


n0« - 


- 5. (5 ■ 0^^)) = 


= 0, 


ns^, + 9^(9''s,,)- 


- d.id'^^^r,) = 0, 


□0f - 


~d,{d. 0(2)) = 


= 0, 



(29) 

the Lagrangian densities C(^^k) and /^(^ )^) remain invariant. In the next section, we shall 
see that these restrictions would emerge naturally and would not be required to be imposed 
on the theory (from outside) within the framework of BRST formalism. 

A close look at the 2D Abelian 1-form gauge theory, 4D Abelian 2-form gauge theory and 
6D Abelian 3-form gauge theory allows us to generalize our results to an arbitrary Abelian 
p-form gauge theory. We note that such general D-dimensional Abelian theories would 
have dual-gauge symmetry [and corresponding (anti-)dual-BRST symmetries] whenever 
the condition: * d A^p^ = 5 A'^^^ is satisfied. This happens only when the dimension of the 
spacetime turns out to be exactly equal to [(2p — 1) + 1] (i.e. D = 2p). In a very concise 
manner, we discuss the self-duality condition for a general Abelian p-form gauge field in 
D = 2p dimensions of spacetime for the gauge-fixed Lagrangian density in our Appendix D 
(which is valid for the simple case of our choice of gauge- fixing being the Feynman gauge). 

3 (Anti-)BRST symmetries: conserved charges 

The most general forms of the gauge-fixed coupled (but equivalent) Lagrangian densities 
(20) and (21) can be obtained by incorporating Faddeev-Popov ghost terms as follows [22] 



C 



(b) 






+ ir^M9M„„,+ 



+ {d ■ 0(1)) B,-{d- 0(2)) 53 - 1 52 + i Bl + {d ■ P)B - {d,[5, - d,P,){d^(5'') 
- {d ■ [5)B2 - 2F^f, + {d.C^'' + d'Ci)/, - {d.C^-' + d'C^)F, - S^C'aS^Cs, (30) 
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+ [d ■ 0(1)) B^-{d- 0(2)) i?3 - 1 52 + i 5| ^ (^ . ^)^ _ (^^^^ _ 9j^)(9^/3'^) 
- {d ■ f3)B2 - 2/>F^ - {d.C^-' - d''Ci)F, + {d,C^' - S-^Ci)/, - d.C^d^C^, (31) 

where the fermionic antisymmetric tensor (anti-)ghost fields {C^y)C^,y [with ghost number 
equal to (—1) + 1], the bosonic Lorentz vector (anti-)ghost fields {J3fj)[5^ [with ghost number 
(—2) + 2], the Lorentz scalar fermionic (anti-)ghost fields {C2)C2 [with ghost number (— 3) + 
3] are required for the validity of unitarity in the theory. Furthermore, we have fermionic 
auxiliary (anti-)ghost fields (F^)F^ and {f^)f^ in the theory together with the (anti-)ghost 
fields {Ci)Ci. All these fields have ghost number equal to (—1) + 1. We have auxiliary 
fields -B, i?i, i?2, -B3 also in our complete theory which are used for the linearizations. 

Our present coupled and equivalent Lagrangian densities (30) and (31) differ slightly 
from such Lagrangian densities in [22]. This is due to the fact that there are extra pieces 
in (30) and (31) that were absent in the corresponding Lagrangian densities in [22]. These 
terms are [-{d ■ (f)^'^^)B^ + (1/2)5|], [-2F^/^] and [-2/^F^] that are present in (30) and 
(31). The term \—{d ■ 0(^^)53 + (l/2)i?|] is required for the gauge-fixing of the vector 

fn\ — — 

field 0^ and other two terms [—2F'^f^ and [— 2/^F^] are required so that the CF-type 
conditions (24) and (43) (see below) could be derived from (30) and (31). We discuss more 
about these issues in our Appendix A and establish the root-cause of the difference. 

We can check that, under the following off-shell nilpotent (s^ = 0) supersymmetric type 
BRST symmetry transformations (sb) (see, e.g., [21,22] for details) 

SbKf,^ = d^,fy - (9^/^, Sb/3^ = F^, Sfe/?^ = (9^C2, s^F^ = - 9^5, 

SbC2 = B2, SbCi = -B, SbCi = Bi, S60(,i) = /^, Sbf^, = df,Bi, 
Sb[C2, fn, Ff^, B, Bi, B2, -B3, 0}j ! Kf^iy, IC^u, fCfiiy, F[f^,yr)K\ =0, (32) 

the Lagrangian density £(6) transforms to a total spacetime derivative as given below 

SbC(b) = d^ lid^'C" + 9'^C"'^ + d^C") K,r, + i^^" /. - {d^P" - d^'P^) F, 

+ Bi r + B Pf" - B2 (a^Cs)] . (33) 

Hence, the action integral S = J d^x £(5) would remain invariant for the physically well 
defined fields of the theory which vanish off at infinity (due to Gauss's divergence theorem). 
Like the above BRST symmetry transformations, the Lagrangian density £(5) respects 
an off-shell nilpotent (s^^ = 0) anti-BRST symmetry transformations {sab)'- 

SabK^u = dfj,fu — dyfn, Sabf3^ = F^, Sab/3^ = d^C2, SabF^ = — (9^-02, 

SabC2 = B, Sabfti = —df^Bi, SabCi = —Bi, SabCl = —B2, Sab4>\i = flii 

Sab\C2-, f/i, F^, B, Bi, B2, -B3, 0(j), Kfj,,y, K,^u, IC^^, Ff^^rjK] =0. (34) 
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It can be checked that the Lagrangian density £(m transforms, under the above transfor- 
mations (34), to a spacetime total derivative as given below 

+ Bif'^-B^F^' + B (9^^2)1 . (35) 

Thus, the action integral in 6D spacetime {S = j d^x jC.(1)) remains invariant for the 
physically well-defined fields of the theory which fall off rapidly at infinity. To be explicit, 
it is Gauss's divergence theorem that implies that all fields of the r.h.s. of (35) will be 
evaluated at infinity and, because of the physical arguments, these fields would go to zero. 
According to Noether's theorem, the invariance of an action under the continuous sym- 
metry transformations, leads to the existence of conserved currents. From the action prin- 
ciple, it turns out that these Noether currents are conserved because of the validity of 
Euler-Lagrange equations of motion (that also ensue from the least action principle). Ul- 
timately, we have the following expressions for the conserved currents J/^j^-, and Jf^x for the 
(anti-)BRST symmetry invariance of the Lagrangian densities jCn,\, and £(?,), namely; 

- B2F^' + B (S^Ca) + {d^'C'^ + d'^C'^' + S^C^^) {djr, - dr,Pu) 

- {d^'P" - d'^P^') {d^C2) - {d^'P" - d^P") F^ + Bi /^, (36) 

+ Bif- B2 (S^Cs) - (d'^C''' + 9'^C"'^ + d^'C^"') {d.Pr, - d^Pu) 

- {d^P" - d'P'') (9,^2) - (9^/3" - d'P^") F, + B F>'. (37) 

The conservation law [d^Jj^r^-^i^^ = 0] for the (anti-)BRST currents could be proven by 
exploiting the following Euler-Lagrange equations of motion from £(&), namely; 

i^M- = 9''^,^, + ^ (9^0« - 9.0«) , n0« + 9^(9-0«)=o, nCi = o, 

IC,u = ^ e,,r,.x, H^'-^P + i (9^0(2) - d,<pf) , U<pf + d,{d- 0(2)) = 0, 
^ e,u,.xp {d^K^'') = d^lCxp + 9a/C,« + 9,/C,A, aci = 0, nc2 = 0, 
^ ^M-,KAp {d^JC""') = d^K^p + dy^K,^ + 9,i^«A, UC2 = 0, UB, = 0, 
□C^. - \ {dju - dj;) = 0, DC,, - ^ {d,F, - d,F^) = 0, 0^3 = 0, 

dpK^' + d''B^ = Q, dpK^^ + d''B^ = Q, 5i = (9-0«), nF^ = o, 

B = -{d-P), B2 = {d-P), 53= (9-0(2)), d-F = 0, Df, = 0, 
d^C^"" + d^Ci - 2r = 0, d^C'"' + d'^Ci -2F'' = 0, <9 ■ / = 0, 

nK^, = 0, D/C^, = 0, n/3^ = 0, 0^9^ = 0, (38) 
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and the ones that emerge from the Lagrangian density Cii\ are: 



^ £m!-,,«ap {d^'K"'') = d^JCxp + 9a/Cp« + S^/C^a, 



^fiurinXp \(-^ /^ 



vri\ 



dnKxp + dxKp,, + dpK^^x, 



DCi = 0, 
DC2 = 0, 



ac,, + ^ {dpF, - d,F,) = 0, nc,, + ^ {d,u - djp) = 0, 



a^i?^'^ + d^'Bi = 0, dpK'^'' + d'B^ = 0, 



B2 = {d-'P), 



B = -{d-P), i?i = (9-0«), 53= (9-0(2)), 9-/ = 0, 
d.C^"" - d^Ci + 2^^^ = 0, 



DK 



/i;/ 



0, 



niCp, = 0, 



n/3. = 0, up. = 0. 



□C2 = 0, 

DEi = 0, 

□^3 = 0, 

UF^ = 0, 
□/m = 0, 
d-F = 0, 



(39) 



The above conserved currents J^a^b) ^^^^ to the derivation of the following off-shell nilpotent 



(Q(a)b ~ ^) ^^'^ conserved {Q{a)b = 0) (anti-)BRST charges Q(a)b- 



Q. 



ab 



dt'x 



_ ^Otjklm ^g,^,^^ ^^^ _ ^gO(juv ^ gu^vO + QV^Ou^ j^^^ ^ j^Oi f. 



B1P + BC2 + {d'^C"'' + d^CT^ + 9"^°") {djr, - dM - B2 F° 



vaO 



flni 



:)iaO\ 



{Oy' - (9^/3") {d,C2) - {dy' - (9^/3") F, 



(40) 



+ Bif- B2 C2 - (d'^C'" + S'^C"" + d^'C'"') {d,Pr, - dr,Pu) + B F^ 



- (9"/3* - 9^/3") (SiCs) - (9^/3' - 9^/3'^) Fi 



(41) 



The above conserved charges Q(a)b are the generators of the local, continuous and infinites- 
imal (anti-)BRST symmetry transformations, as it can be checked that 



S(a)fe ^ = ±i [^, Q{a)b\j^, 



(42) 



where the (+)— signs, present as the subscripts on the square bracket, correspond to the 
(anti) commutators for the generic field \E' being (fermionic) bosonic in nature. Similarly, 
the (±) signs, in front of the square bracket, are chosen appropriately (see, e.g., [27]). 
Furthermore, one has to use the appropriate canonical brackets (that are derived from the 
Lagrangian densities C(b) and C(j,)) in the evaluations of the above (anti) commutators. 

We would like to mention that there are four CF-type restrictions [21,22] on the theory 
which have been derived by exploiting the theoretical potential and power of superfield 
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approach to BRST formalisni [28,29]. All of these (that are bosonic and fermionic in nature) 
can also be derived by exploiting the equations of motion (38) and (39). The fermionic 
CF-type restrictions [amongst the fermionic (anti-)ghost fields] were originally derived by 
exploiting the superfield technique [21]. These useful and interesting restrictions are 

U + F, = d,Ci, f, + F, = d,Ci. (43) 

Concentrating on the last but one rows of (38) and (39), it is evident that these Euler- 
Lagrange equations of motion produce the above CF-type restrictions (43). Exploiting the 
off-shell nilpotent and absolutely anticommuting (anti-)BRST symmetry transformations 
(32) and (34), it can be checked that the restrictions in (24) and (43) are (anti-)BRST in- 
variant quantities and, hence, they are physical restrictions on the theory. We re-emphasize 
that the coupled Lagrangian densities (30) and (31) produce all the CF-type restrictions 
(24) and (43) as a set of off-shoots from the equations of motion (38) and (39). 

The roles of the (anti-)BRST invariant CF-type restrictions (24) and (43) are two folds. 
First, these allow us to obtain a set of two coupled (but equivalent) Lagrangian densities (30) 
and (31) for the theory. Second, we observe that the above nilpotent (anti-)BRST symmetry 
transformations {s(^a)b) obey perfect absolute anticommutativity property {sb, Sab} = for 
all the fields of the theory except the following: 

{Sb, Sab} A^,,ri 7^ 0, {Sfc, Sab} C^^ ^ 0, {Sfe, Sab} C ^,y ^ 0. (44) 

If we compute the above anticommutators, in a straightforward manner, they turn out to 
be non-zero. However, the above fields {A^i,r^,C^y,C^y) also respect the absolute anticom- 
mutativity property on the constrained hypersurface (in the 6D spacetime manifold) where 
the CF-type restrictions (24) and (43) are valid. For instance, only due to (24), we have 
{sb, Sab}A^i,r^ = 0. In addition, the vahdity of {sb, Sab}C^i, = and {sb, Sab}C^u = is 
true only when (43) is satisfied. We re-emphasize, once again, that restrictions (24) and 
(43) have been derived due to the superfield approach to Abelian 3-form gauge theory [21] 
and, to the best of our knowledge, they cannot be derived by using any other method. 
However, it is straightforward to note that (24) and (43) can be derived from the equations 
of motion (38) and (39) as well. The interesting point to be emphasized is that the coupled 
Lagrangian densities (30) and (31), which produce (38) and (39), have been derived from 
the knowledge of S(a)b- However, the off-shell nilpotent {s'^^a)b ~ ^) ^^^ absolutely anticom- 
muting {sfySab + SabSb = 0) Symmetries S(^a)b have been derived from the superfield formalism 
(see, e.g., [21] for details). Hence, it is the superfield formalism which is more basic. 

We wrap up this section with some remarks. First, the absolute anticommutativity of 
the (anti-)BRST charges Q(a)b is satisfied only on the constrained hypersurface defined by 
the field equations corresponding to the CF-type restrictions (24) and (43). Second, the 
physicality criteria: Q(a)b\phys) = leads to the annihilation of the physical states by the 
operator form of the first-class constraints of the theory (cf. Sec. VII for details). Third, 
both the Lagrangian densities C(^b) and £(5) respect both the off-shell nilpotent (anti-)BRST 
symmetry transformations on the hypersurface (in the 6D spacetime manifold) which is 
described by the CF-type field equations. This statement can be succinctly expressed in 
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the following mathematical form [cf. (24), (43)], namely; 



Sab^{b) 



du 



(S^C"^" + d'C"" + d'^C^"')K,r, + A""" {dj^ - dj,) + {d"^" - S'^^^)/, 



- K^'" F, + C^" {d,Bi) - C^" {d,B2) + B (S^Ca) - ^2 F^ + Bi f 



- ((9^C"^'' + d^C^" + d^C'') d^ 



K + K 



(5.0?^ - 5.01^0 



K^, + K, 



fii/ 



(d^Bi) f^ + F,-d^Ci +{d^B2) f, + F,-d,a 



(5M^-_5-^M) f^ + F,-d,C^ 



(9^01'^ - 9.0«) 1 {d^n + K^'' d, \U + F. - d,C 



(45) 



SbC 



(b) 



-d„ 



(d^C" + S'^C"^ + d''C^"')K,^ + A^'^" (9,/^ - 9^,) - (d^'P' - S*^/?^)/. 



+ i^^" F, + C"''^(9,5) + C^'^(9,fii) + B2 (S^Cs) -BF^-Bif^ 



+ (S^C"^" + S'^C"^ + 9"^^"^) (9^ 



ir,„ + i^, 



'■J/J7 



wq 



(9,0« - 9,0«) 



i^«. + K, 



'■/lU 



flV 



(9^0« - 9,0«) (9^/^^) + iT'''^ d, U + F,- 9,Ci 



- (9^5) f^ + F,-d,C, -{d^B 



L + F,- d,C_ 



- {d^'(5'' -d''(5^)d^ 



fu + F,- d^Ci 



(46) 



Thus, we note that the coupled Lagrangian densities (30) and (31) are equivalent as far 
as the nilpotent (anti-)BRST symmetry transformations on the constrained hypersurface, 
defined by the CF-type field equations (24) and (43), are concerned. Finally, under the off- 
shell nilpotent (anti-)BRST transformations, it is interesting to point out that the curvature 
tensor H^^r^,^ (owing its origin to the exterior derivative) remains invariant. 

It appears that the (anti-)BRST symmetries provide a physical realization of the exterior 
derivative. However, the absolute anticommutativity property {sbSab + SabSb = 0) of the 
nilpotent (anti-)BRST symmetry transformations imply that only one of them could be 
identified with the exterior derivative of differential geometry because the BRST and anti- 
BRST symmetry transformations are linearly independent of each-other. In fact, as it 
turns out, it is the BRST symmetry transformations Sb (and corresponding charge Qb) 
that provide the physical realization of the exterior derivative. An extensive discussion on 
these issues could be found in our Sec. VII [see, equations (75) and (79)] where we have 
shown the explicit mappings between the cohomological operators of differential geometry 
and conserved charges of our present gauge theory. Of course, there is another physical 
quantity which also provides a realization of the exterior derivative but that happens only 
in the six (5 -|- l)-dimensions of spacetime where we obtain the off-shell nilpotent (anti-)co- 
BRST symmetry transformations and their corresponding conserved and nilpotent charges. 
These nilpotent charges, in fact, provide physical realizations of the (co-)exterior derivatives 
of differential geometry (see, e.g.. Sec. VII for more details). 
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4 (Anti-)co-BRST symmetries: conserved charges 

It is interesting to note that the Lagrangian density C{b) remains quasi- invariant under the 
following off-shell nilpotent (s^ = 0) co-BRST/dual-BRST symmetry transformations (s^): 

SdCi = B2, Sd(3f, = -/^, SdCi = B3, Sd(t)^^'^ = F^, SdC2 = B, 
SdC^u = K^fiu, Sdffi = dfj,B2, SdlC^u = d^Fy — d^F^, SdF^ = d^B^, 
Sdid'^A,,,, 0«, K^,, K^,, /C^,, B, Bi, B2, Bs, C2, ^, F^] = 0, (47) 

because the Lagrangian density C(b) transforms to a total spacetime derivative as 

Sd£(b) = -d^ Udf^C"" + d'C'"' + d^'C'"') IC,ri - B (S^Ca) - B2 F + /C^*^ F, 

+ BsF"- {d"^" - d''^^') /J . (48) 

One of the decisive features of the dual-BRST symmetry is the invariance of the total 
gauge-fixing term [ i.e. Sd{d^Af^,yr)) = 0, SdK^y = 0, Sd (pli = 0] which owes its origin to 
the co-exterior derivative 5 = — * rf * as we have SA^"^^ = {l/2\){dx^ A dx''){d^A^^^). 

Analogous to the transformations (47), we have the following off-shell nilpotent (s^^ = 0) 
anti-co-BRST (or anti-dual-BRST) symmetry in the theory (sad), namely; 

^ad-^IJbvri 77 ^ iJ-i^'i'jK.po'^ ^ j ^ad^pu yJ^Pu (-^uPpJj ^adPp O^Kj2) 

SadCl = —B, SadC^u = ^^ivi SadP/i = f/i, SadC'2 = ~B2, SadCl = — -B3, 
-Sad^Jj = F^, SadF^ = —df^Bs, Sadffi = — d^B, SadfCf^iy = d^Fy — duF^, 

Sadld'^A^^,, 0«, K^,, K^,, IC^,, B, B,, B2, B^, C2, ^, F^] = 0, (49) 



under which, once again, the total gauge-fixing term remains invariant [i.e. Sadid^A^^,,^) 



0, SadK^i, = 0, Sad^U = 0] s-iid the Lagrangian density C(i\ transforms as follows: 



Sad^ib) — 9fj_ 



+ B f^" -{d^'fi" -d''l3^')u\. (50) 

As a consequence of the above, the action integral S = J d^x Cn,\ remains invariant for the 
well-defined physical fields of the theory that fall off rapidly at infinity. 

According to Noether's theorem, the above continuous symmetry invariances lead to 
the derivation of the following Noether's conserved currents: 

J^^^ = -^ e^'^'T'^P (d^C^^) Kxp - {d^C" + d'^C"" + d^C^"") /C^^ - JC"" F^ 

- B^Ff' + B {d^'C2) + {d^'C" + d^C^^" + d'^C'"') {djr, - d^P^) 

- {d'^/S" - d''/3'') {d,C2) + {d'^P" - d"^'') U + B2 r, (51) 
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__ ^^.vr,KXp i^Q^Cr,^) K^p + (S^C"^" + d"" C" + S'^C^"') K^r, 



2! 
+ {d^"^" - d^P") (8^02) - {d^'P" - d'^P^') U + B /^. 



IC^"" K 



(52) 



The conservation law [dpJ(a)d ~ '-'] '^^'^ ^^ proven by exploiting the Euler-Lagrange equa- 
tions of motions (38) and (39) that emerge from the Lagrangian densities £(5) and C(py 
The explicit expressions for the conserved charges (Qr = j d^x J?n, r = d,ad), which are 
the generators of the (anti-)co-BRST symmetry transformations (49) and (47), are 

Qd = f d^x ^ e°^^'^'™ (diCjk) Ki^ - (5°C"^'' + d^'C'^^ + S^'C""^) /C^^ - /C°^ F, 
+ B2f + BC2 + {d^'C'^ + S'^C"" + d'^C^") [d,P^ - DM 
+ (9°;g^ - 9^;g0) /, - (9V^ - <9*/3°) (<9.C2) - 53 i^°l , (53) 



Q 



ad 



d^x 



- ^ £°'^'"" (9,C,fe) i^,„ + (9°C"^^ + S'^C'O + 9''C°'^) £,^ - £°' Fi 



+ Bf + B2C2 + {d^'C"'' + 9'^C"'° + d^'C'"'') {d^Pr, - 5^/3.) 



(54) 



Thus, we conclude that, in addition to the nilpotent (anti-)BRST symmetry transforma- 
tions, we have another set of nilpotent (anti-)co-BRST symmetry transformations in the 
theory. However, it is to be emphasized that the (anti-)BRST and (anti-)co-BRST symme- 
tries co-exist together for the Abelian 3-form gauge theory only in six (5 + l)-dimensions of 
spacetime. All these symmetry transformations are fermionic in nature. The distinguishing 
feature of these symmetries is the invariance of the total kinetic and total gauge-fixing terms 
under the (anti-)BRST and (anti-)co-BRST symmetry transformations, respectively. We 
would like to add that these fermionic symmetry transformations are the most fundamental 
symmetries in our theory (which would turn out to be a model for the Hodge theory). 
We close this section with the following observations. First of all, it can be noted that 



Sad^(b) = d^ 



{d^'P" - d^P^") F^ - C^"" {d^Bs 






Kpa J 



+ B f^'-B^F^' + JC^" U + B2 (S^'Cs) - {d'^C'^ + d'C^" + d^'C^"") /C 
+ id,B,) [r + F^ - 5^Ci] - id'^p-' - d-'Pn d^ [U + F,- d,Ci] 



+ d. 



ICur, + K^ur, - (9.0f - 9^0(,2)) (^M^-^ + ^-C"?^ + 5'?^^- 



IC^^ d^[f, + F,-d,C^], 



(55) 
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SdC, 



(b) 



d„ 



(0^(3'' - d'P^) F, + C^^' (d.Bs) - C^" {d,B2 



^/ii/rfKpa 



MdA 



i^pa ) 



+ 



B2 r -B^F^' + JC^"" U + B (S^C-a) + (S^C"^'' + 9'^C"'^ + d'^C^'') K 
JC^u + iC^u - {d^<pf^ - d^f)] id>^Fn - (d.B^) ir + F^- d^C,] 



+ {d,B^) [r + F^- d'^Ci] + {d^^" - d^n d,[fu + F,- d,Ci] 



- d,. 



JCu, + JC^v - {du^?^ - <9,0t')) {d^C"^ + d'C"^ + d'^'C^n 



- ic^''d^[u + F,-d,Ci]^ 



(56) 



which shows that £(&) and Cih\ are equivalent because both of them respect the off-shell 
nilpotent (anti-)co-BRST symmetry transformations together on the constrained hyper- 
surface [where the field equations (24) and (43) are true]. Furthermore, the off-shell 
nilpotent (anti-)co-BRST symmetry transformations are absolutely anticommuting in na- 
ture only on the hypersurface defined by the CF-type field equations. For instance, 
{sd,Sad]Af,^^ = 0,{sd,Sad}C^u = 0, {sd, Sad}Cf,u = ouly when CF-type restrictions 
(24) and (43) are taken into account. Thus, we conclude that the hallmark of a p-form 
{p = 1, 2, 3, ...) gauge theory, within the framework of BRST formalism, is the existence of 
CF-type restrictions. In fact, in our earlier works [16,22], we have provided mathematical 
basis for the existence of CF-type restrictions and their connection with the concept of 
geometrical object called gerbes. Finally, it can be checked that (anti-)co-BRST symmetry 
transformations (49) and (47) can be derived from the analogue of (42) where Q(a)b should 
be replaced by Q(a)d- Thus, conserved (anti-)co-BRST charges Q(a)d [of (54) and (53)] are 
the generator of transformations (49) and (47). 

5 Bosonic symmetry: conserved charge 

As has been pointed out earlier, there are four fermionic (i.e. nilpotent) symmetry trans- 
formations (s(a)fe, S(a)d) in the theory. The following anticommutators, between two of the 
above fermionic symmetry transformations, define a new bosonic symmetry in the theory. 
These anticommutators (between suitable fermionic symmetries) are as follows: 



{Sb, Sd} 



\Saby ^adj 



(57) 



Rest of the anticommutators of the fermionic symmetry transformations do not define any 
new symmetry. For instance, we have already seen that {sh, Sab} = 0, {s^, Sad} = on the 
constrained hypersurface (in the 6D spacetime manifold) described by the CF-type field 
equations. In exactly similar fashion, as it turns out, the anticommutators {sf,, Sad} = 
and {sd, Sab} = are also zero modulo a f/(l) vector gauge transformations (see, e.g., [30] 
for details). Thus, for all practical purposes, the absolute anticommutativity amongst the 
fermionic symmetry transformations S(^a)b and S(a)d is true except the anticommutators in 
(57). The latter anticommutators define a single bosonic symmetry [cf. (64) below]. 

The bosonic symmetry transformations s^ yield the following infinitesimal transforma- 
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tions for the relevant fields of the theory, namely; 



j^fiuij 2 ^fJ-i'V^P'^y '^ \ fJ- '^V ' ^v'^rilJ. ' ^rji^fiu j 5 '^loPji C/i-D, 



^U}^ ^lU 



(d^fu-dj^), 



Su}'^lJbV C/^Ty OyT ji^ 



SujPu = dnB 



'm^2, 



Suj[B, Bi, B2, B3, Ci, Ci, C2, C2, (pii ,(l)ii , //^, /^, F^, Ffj_, K^i,, K^^, JCf^^, K,fj.u] = 0. (58) 

The above transformations are symmetry transformations because the Lagrangian density 
£(5) remains quasi- invariant as it transforms to a total spacetime derivative: 



SujC(^h) 



d„ 



(^df^jC'v + di^jcvf^ + d^'IC^"') K^r, - {d'^K"'^ + d^'K''^' + d'^K^''') /C, 



uri 



- B2 (9^5) + B (a^^s) + {dT - d^f) F^ + {d^'F" - d^F^") U 
Similarly, under the infinitesimal bosonic symmetry transformations (Sd,): 



(59) 



^Lj-^fjbvrj 2 ^fivriKpaKy ^ ' \ '^M '^'7 ~'~ ^f'^r]^ ~r CtjA^/ij/ j > 



Suj'~-^fiu 



(d^F^-d^F^), 



Suj'~-^flU (-^fiju (-^uj^y 



Su)P^ " 



-d,B, 
-d^B2, 



Sc,[B, B,, B2, B,, Ci, C, C2, C2, 0!.'\ 0?\ f^, U, F^, F,, K,,, K^,, /C^„ £^J = 0, (60) 
the Lagrangian density C(i) transforms to a total spacetime derivative as follows: 



Suj^{b) 



-d., 



{d^'lC'^ + d^KP^" + d'^lC^"') K^^ - (S^ir'^" + d'^K'^^' + d'"K'"') /C 



urj 



- B2 (d^B) + B {d^'B2) + (9^r - -9"^) F, + {d^'F'' - d^F") f. 



(61) 



We note [from (59) and (61)] that the equivalent action integrals (5*1 = f d^x £(6), 5*2 = 
J d^x £(fe)) remain invariant under the transformations s^^ and Scj for the physical fields of 
the theory which fall off rapidly at infinity (due to Gauss's divergence theorem). 
It is to be pointed out that the following transformations are also true, namely; 



s,X 



(b) 



d„ 



(^dt^K""^ + d'^K'"' + d^K'"'') )C^n - {d^K,""^ + d^'KP^' + 9"/^''^) K, 



i/rj 



- {dT - <9V^) fu - {d^F" - d^F") F^ + B (9^52) - B2 (9^5) 



+ d. 



d„ 






fii/\ 



(62) 



S<I.£(6) 



d„ 



{d'^JC'''" + d'^JC"" + d'^IC^"') K^r, - (d^'K"" + d'^K'^^' + d'^K^"') K 



i/r) 



+ {dT - <9V^) fu + {d>'F'' - d^F") F^-B (9^52) + B2 {d^'B) 



d„ 



d„ 






(63) 
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Thus, both the coupled Lagrangian densities £({,) and £(^) respect the bosonic symmetries 
Si^ and Sq on the constrained hypersurface defined by the CF-type field equations (24) and 
(43). Mention can also be made of the key observation that, even though, s^ and Sq look 
quite different [cf. (58), (60)], they are actually equivalent on the constrained hypersurface 
(defined in the 6D Minkowskian spacetime manifold) where the CF-type restrictions (24) 
and (43) are true. In fact, as it turns out, we have 

Suj + Sq = =^ s^ = - scj, (64) 

which shows that only one of s^j and Sq is an independent bosonic symmetry transformation 
in the theory. Thus, henceforth, we shall take s^j as the only bosonic symmetry. 

According to Noether's theorem, the above local, infinitesimal and continuous symmetry 
transformation leads to the derivation of the following Noether's conserved current (w.r.t. 
the Lagrangian density C(^b)), namely; 

7M _ _ fiuriKXp (f) T^ \ T^ _ 

- (S^C"^" + d'^C'^' + O'lC^"') {d^F^ - dr,F^) - {d^'li" - 9*^/3^) {8^82). (65) 

The conservation law (i9^^(^-, = 0) can be proven by exploiting the equations of motion (38) 
derived from Lagrangian density £(;,). Exploiting the usual tricks of quantum field theory, 
it can be checked that the exact expression for the conserved charge is 



- e^^'^'^^'^P (9,/C,,) /Cap 




{duU - d,U) - (S^^'^ - 


- d']i^) {d,B) 


(9.F, - d,F,) - {d^fi^ 


- d'^n (d^B, 



^^(jj I a j^ 



{d^C" + d^C^^ + d"C^'') {dj-^ - dr,U) - (9°^* - d'P^) {d,B) 



(66) 



The interesting point to be stressed is the origin of the derivation of conserved charge 
Quj that has emerged out from the bosonic symmetry transformations corresponding to 
Si^. The latter is equal to the anticommutator of two nilpotent (fermionic) symmetry 
transformations. As pointed out earlier, the above nilpotent symmetry transformations are 
the analogue of the (co-)exterior derivatives of differential geometry. As a consequence, the 
anticommutator of the suitable nilpotent symmetry transformations (that is equivalent to a 
bosonic symmetry transformation) is the analogue of the Laplacian operator of differential 
geometry. We shall see, in Sec. VII, that the conserved charge Q^^ provides an accurate 
physical realization of the Laplacian operator of differential geometry from the point of view 
of the ghost number consideration as well as the specific algebra obeyed by it. Finally, it 
can be verified that, besides being the Casimir operator for the whole algebra, Q^^ is also 
the generator of transformations (58) if we exploit the analogue of (42) appropriately. 

Before we wrap up this section, we would like to state that, for the present higher 
dimensional (i.e. D = 6 ) and higher-form (i.e. p = 3) Abelian gauge theory, we have: 

sl'^ = {s,, Sad}l3p = d^iB, - Bs), si') = {sab, s4/3m = MBi + Bs 



,(1) 



{Sb, Sad}<P^n^ = -d^B, 



s(2) 


= {Sab, Sd}/3^ = 


dp{B^ + 


s(2) 


= {Sab, Sd}(j)^f!^ 


= d,B2, 


s(2) 


= {Sab, Sd}0!f) 


= -dpB2 



s^^^ = {sb, s,40f = -d,B, 5^2) = {sab, s40f = -d,B2. (67) 
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For the rest of the fields of the theory, it can be checked that {sb, Sad} = 0, {sd, Sab} = 0. 
As mentioned earher, we aheady know that {sb, Sab} = 0, {s^, Sad} = on the hyper- 
surface defined by the CF-type field equations (24) and (43). Thus, we conclude that, 
out of all the possible anticommutators between S(a)b and S(^a)d, only two of them define 
a bosonic symmetry (i.e. s^j = {sb, Sd} = —{sab, Sad}) and rest of them have absolute 
anticommutativity property only up to a U{1) vector gauge transformations. We would 
like to lay emphasis on the fact that this observation, in the context of 6D Abelian 3-form 
gauge theory, is totally different from our experience in 2D Abelian 1-form and 4D Abelian 
2-form gauge theories (see, e.g. [10-16]) where there exists an absolute anticommutativity 
between the nilpotent transformations S(^a)b and S(^a)d except s^^ = {sb, s^} = —{sab, Sad} 
which defines the bosonic symmetry. Furthermore, it can be checked explicitly that the 
transformations {sb, Sad} and {sd, Sab} [cf. (67)] are, even though, the symmetry trans- 
formations for the Lagrangian densities £(?,) and/or C^i-^, these do not commute with Sg 
(see, e.g., (72) below). We discuss about these symmetries and connected issues in our 
Appendix E. Our final remark is the fact that one can choose B = Bi = B2 = B^ = so 
that sL = sL = in equation (67). This choice, it may be emphasized, does not spoil the 
existence of the fundamental fermionic (i.e. nilpotent) symmetries S(^a)b and S(a)d which are 
the analogues of the nilpotent (co-)exterior derivatives of differential geometry. 

6 Discrete and ghost-scale symmetries 

A close look at the Lagrangian densities (30) and (31) demonstrates that the non-ghost part 
of £(6) and C(b^ remains invariant under the following discrete symmetry transformations: 

4 _i. -I- c A'^P^ K -A- -\-ilC IC ^^ -\-iK K -^ -\-ilC 

}C^,^±tK^,, 0«->±^0f, 0(f)->±20«, Bi^±tB3, B^^±iBi. (68) 

In exactly similar fashion, the ghost part of the Lagrangian densities (30) and (31) respect 
the following discrete symmetry transformations: 

C^,y -^ ±iC^u, C^y -^ ±iC^u, /^A* -^ ±0^l, f^^l -^ =F^/3/., C2 -^ ±iC2, 
C2 -^ ±iC2, Ci -^ ±iCi, Ci -^ ±iCi, B -^ TiB2, B2 -^ ±iB, 
f,^±tF^, F,^±tf,, f,^±tF^, F,^±tf,. (69) 

It is obvious now that the total Lagrangian densities (30) and (31) remain invariant under 
the combined discrete symmetry transformations listed in (68) and (69). We shall see, 
in the next section, that the above discrete symmetry transformations play a key role in 
providing the physical realization of Hodge duality (*) operation of differential geometry. 
It is to be noted that the decisive feature of the discrete symmetry transformations, in 
the gauge sector [cf. (68)] of the Lagrangian densities, has been the self-duality condition on 
the gauge field [cf. (14)] which is intimately connected with the Hodge duality (*) operation. 
This is the reason that the generalization of A^^^ ~^ ~^. ^f^uriKpo- A'^^" in the gauge sector 
(together with the discrete symmetry transformations in the ghost sector) provides the 
physical realization of the Hodge duality (*) operation of differential geometry. In fact, the 
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discrete symmetry transformations (68) and (69) are intimately connected with the original 

discrete symmetry transformation in (14) (which is nothing but the self-duality condition). 

The ghost part of the Lagrangian densities (30) and (31), in addition to the discrete 

transformations (69), respect a continuous scale symmetry transformations as listed below 

-SA^y r< V ^+A/^ r< V ^-A^Y D V ^+2A d D v ^-2A ; 



f F -^ e^^F 



/m^c+Vm, h^e-^f,, F,^e+^F,, F,^e-^F,, (70) 



where A is a global (spacetime independent) parameter and numerals (=f1, =f2, =p3) in the 
exponentials stand for the ghost number of the (anti-)ghost fields. According to the basic 
tenets of BRST formalism, all the rest of the fields (in the gauge sector of the Lagrangian 
densities) are endowed with the ghost number equal to zero. As a consequence, the ghost- 
scale symmetry transformations, on the generic field \1' of this sector, is: 

m — y m' = e°-^ m =^ ^' = ^, (71) 

where the generic field \1/ stands for \E' = A^^^, K^^, fC^y, K^,,, £^^, Bi, B3, (p)^', (p)}'. 
Choosing A = 1 in the scale symmetry transformations (70) and (71), we obtain the 
following infinitesimal ghost-scale symmetry transformations: 

SgC2 = +3C2, SgC2 = -3^2, SgCl = +Cl, S gC I = " ^1 , SgB = +25, 

SgB2 = -2-B2, Sgf^ = +/^, Sgff^ = -/^, SgFf^ = +F^, SgF^ = -F^, 
Sg[A,,„ K,,, /C^„ K^,, K:,,, 0«, 0(f), Bi, Bs] = 0, (72) 

where Sg is the infinitesimal version of the ghost-scale transformations (70) and (71). 

According to Noether's theorem, the continuous symmetry transformations (72) lead to 
the derivation of the Noether ghost conserved current as given below 

- 2(8''^'' - d^P") (3^ + 2(9^/3'^ - 9*^/3^) ^^ - 2^2 P" - C^"" f^ 

- 25 ^^ - Ci F^ - Ci /^ + 3C2 (^^^2) + 3^2 (9^C2) - C"" F^. (73) 

The conservation law d^Jj^-. = can be proven by exploiting the equations of motion (38) 
and (39) for the (anti-)ghost fields of our present theory. The conserved current J^-. leads 
to the derivation of the conserved ghost charge {Qg = f (fx J? -,) as: 

Qg = I (fx {d^C'^ + (9'^C""' + d'^C^") a^ + (S^C"^" + (9"^°'^ + d^C^^) C^^ 

- 2{d^P' - d'P^) A + 2(9°/3' - d'(3^) ^, - 2^2 /3° - C^' F, -2B p^- Ci F° 

- Ci /° + 3C2 ^2 + 3^2 ^2 - 6"^^,] . (74) 

The charge Qg is the generator of infinitesimal transformations (72) if we exploit the power 
and potential of the analogue of relationship (42) by using the canonical brackets, that are 
derived from the Lagrangian density £(;,), in the evaluation of the commutators. 
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7 Cohomological aspects: algebraic structures 

We have noted, thus for, that there exist six continuous symmetries in the theory. Four 
of them (i.e. S(^a)b, S(^a)d) are fermionic (nilpotent) in nature and two of them {suj,Sg) are 
bosonic in nature. We can verify, in a straightforward manner, that the operator form of 
these continuous symmetry transformations satisfy the following structures, namely; 

sfa)b = 0> S(„)d = O5 {Sb, Sab} = 0, {Sd, Sad} = 0, {Sfe, Sad} = 0, 



S 



9' 



Sb] = +Sb, [Sg, Sab] = -Sab, [Sg, Sd] = Sd, [Sg, Sad] = +Sad, 



{sab,Sd} = 0, {sb,Sd} = s^ = -{sab,Sad}, [sui,Sr]=0 T = g,b, ttb, d, ttd, (75) 

where we have taken the infinitesimal versions of the continuous symmetry transformations 
(32), (34), (49), (47), (58) and (72). We also note that we mean by s^ = (in the operator 

form) as i{s5, sj^ = |(SfeS6 + S^Sfe)^ = 0, {Sb, Sab}"^ = {SbSab + SabSb)"^ = 0, [s^, Sr]"^ = 

{su)Sr — SrS^)"^ = 0, etc, where \1' is the generic field of the theory. 

A close look at the algebra (75) establishes the fact that this algebra is the analogue 
of the algebra satisfied by the de Rham cohomological operators {d, 6, A) of differential 
geometry as one knows that the standard algebra, obeyed by the exterior derivative d, 
co-exterior derivative 6 and the Laplacian operator A = {d + 6)"^ = {d6 + 6d), is [17-20]: 

^2 = ^2^0, {d,6} = A = {d + 6y, [A,d] = 0, [A,6]=0. (76) 

An accurate comparison of equations (75) and (76) establishes the fact the set {sb, Sd, s^j) 
and {sab, Sad, —s^) are the analogues of the de Rham cohomological operators {d, 6, A) 
of differential geometry where there exists a two-to-one mapping because {sb, Sad) — > 
d, {sd. Sab) — > S and {sb, Sd} = - {sab, Sad} = s^ =^ A, at the algebraic level. 

Even though, there is a perfect matching between {d, S, A) and the transformations 
S{a)d, S(a)6 and s^ at the algebraic level, there are a couple of points which are missing as 
far as the perfect analogy is concerned. First, as we know, the co-exterior derivative S is 
connected to the exterior derivative d by the relation: 6 = ± * d * where (*) is the Hodge 
duality operation. Thus, we have to provide the physical realization of (*) in the language 
of symmetry properties. Second, we know that the (co-)exterior derivatives (i.e. {S)d) 
(lower)raise the degree of a form by one when they operate on the latter whereas the action 
of the Laplacian operator does not change the degree of a form at all. We should be able to 
provide the analogy of the above observations in the language of symmetry properties if we 
have to prove that the 6D Abelian 3-form gauge theory is a perfect field theoretic model for 
the Hodge theory where there exist appropriate physical realizations of the cohomological 
operators {d, 6, A) in terms of the symmetry properties of the theory. 

We address the first of the above issues in the following manner. As stated earlier, the 
combination of the discrete symmetry transformations (68) and (69) provide the analogue 
of the Hodge duality (*) operation because the following relationships are true: 

Sd ^ = ± * Sfe * ^, Sad"^ = ±* Sab*"^, (77) 

where \E' is the generic field of the theory and * is the combined discrete symmetry trans- 
formations. Thus, we note that the interplay of the continuous and discrete symmetry 
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transformations of the theory provide the analogue of connection between the co-exterior 
derivative [6) and exterior derivative {d) of differential geometry (i.e. 5 = ± * d*). The 
(±) signs in relation 6 = ± * d* are determined by the dimensions of the spacetime man- 
ifold and the degree of the forms that are involved in an inner product (in the realm of 
differential geometry [17-20]). We have to provide the physical origin for (±) signs. 

The (±) signs of equation (77) are decided by a couple of successive operations of the 
discrete symmetry transformations (68) and (69) on the generic field [i.e. *(*\1/) = ± \1/] 
(see, e.g., [20]). As it turns out, only four fields /3^, /3^, B, B2 are the ones that possess 
(+) sign after two successive operations of discrete symmetry transformations. The rest of 
the fields carry (— ) sign after the above successive operations. Furthermore, the CF-type 
of restrictions of (24) and (43) remain invariant under the combined discrete symmetry 
operations (68) and (69). This shows the fact that our present theory is a self- dual theory 
where the CF-type restrictions (which are responsible for the absolute anticommutativity 
and the existence of the coupled Lagrangian densities) are physical and duality-invariant. 

We address now the second of the issues that have been raised above. The analogue of 
the degree of a form (in differential geometry) is the ghost number defined as: i Qg \x)n = 
n \x)n where \x)n is a non-trivial state with ghost number equal to n (in the total quantum 
Hilbert space of states). It can be checked that the following relations are true: 

i Qg Qb\x)n = (n + 1) Qb \x)n, i Qg Qad\x)n = (n + 1) Qad \x)n, 

i Qg Qd\x)n = (n - 1) Qd \x)n: i Qg Qab\x)n = (u - I) Qab \x)n, 

iQgQMn= nQ^\x)n, (78) 

where the conserved charges Q(a)b, Q(a)di Qu) and Qg satisfy the analogue of algebraic rela- 
tions, that are satisfied by the operator form of the symmetry transformations (75), as 

Qia)b = O5 Q(a)d = 0) {Qb, Qd} = Quj = - {Qad, Qab}, 

[QcoQr] = (r = b,ab,d,ad,g,uj), {Qb, Qab} = 0, 

{Qd, Qad} = 0, {Qb, Qab} = 0, {Qd, Qab} = 0, 

i [Qg, Qb] = + Qb, i [Qg, Qab] = — Qab, 

i [Qg, Qad] = + Qad, i [Qg, Qd] = " Qd- (79) 

Thus, we note that the ghost numbers of Qb\x)n, Qd\x)n and Qui\x)n are (n+l), (n— 1) and 
n, respectively. Similarly, the states Qad\x)n, Qab\x)n and Qu}\x)n are endowed with ghost 
numbers equal to (n+ 1), (n— 1) and n, respectively. In our Appendices B and C, we have 
given simple proofs of the validity of Qfa)b = 0? {Qb, Qab} = 0, etc., by using the concept of 
conserved charges as the generators for the continuous nilpotent symmetry transformations. 
This way, one can also prove the rest of the relations of (79). Finally, we point out that, if 
the ghost number of a state is identified with the degree of a form, then, we have two-to-one 
mappings: {Qb,Qad) -^ d, {Qab,Qd) -^ S and Q^ = {Qb,Qd} = -{Qab, Qad} -^ A between 
the conserved charges and the cohomological operators of differential geometry. 

There is yet another link that we have not been able to establish within the framework of 
BRST formalism in the language of symmetry properties and their corresponding conserved 
charges. This issue is connected with the Hodge decomposition theorem which states that, 
on a manifold without a boundary, one can uniquely decompose a given n-form (/„) as a 
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sum of an exact form (i.e. dcn-i), a co-exact form [Scn+i) and a harmonic form Wn (i.e. 
dwn = 0, 6wn = =^ Awn = 0) as [17-20] 

fn = Wn + d en~l + S Cn+l, (80) 

where the de Rham cohomological operators {d, 6, A) of differential geometry play a very 
decisive role in the above celebrated Hodge decomposition theorem. 

The above issue can also be addressed within the framework of BRST formalism in the 
space of quantum Hilbert space of states. In fact, any arbitrary state |,^)„ with a ghost 
number n (i.e. i Qg\On = n \0n) can be decomposed uniquely, in the quantum Hilbert 
space of states, in terms of a BRST exact state Qb\()n-i, a co-exact state Qd\'^)n+i and a 
harmonic state \w)n {Qw\w)n = ^ Qb\w)n = 0, Qd\u!)n = O) as given below 

\0n = \u!)n + Qb \On~l + Qd \l^)n+l- (81) 

Due to two-to-one mapping between the conserved charges and the cohomological operators: 
{Qb, Qad) -^ d, {Qd, Qab) -> 5, {Qw, -Qlu) -^ A, it is straightforward to re-express (81) in 
an alternative way (in the total quantum Hilbert space of states) as illustrated below: 

\0n = \w)n + Qad IQn^l + Qab \l^)n+l, (82) 

where \w)n is the harmonic state (i.e. the most symmetric state in the whole theory) as it 
is (anti-)BRST as well as (anti-)co-BRST invariant. In other words, it obeys: 

Qaib) \w)n = 0, Qa(d) \w)n = 0. (83) 

Thus, we note that \w)n (i-e. the harmonic state) can be chosen to be the physical state 
\phys) of the theory which respects all the four basic symmetries {s(^a)b, S(a)d)- 

Now we dwell a bit on the constraints of the theory. First of all, we know that the original 
Lagrangian density (£o = ^H'^^^'^H^^r^K.) is a singular Lagrangian density that supports a 
set of primary and secondary constraints which are of first-class variety in the language of 
Dirac's prescription for the classification scheme [31,32]. These are H^^'^ = {1/3)H'^^^'^ ^ 0, 
and diH'^'^'' ^ which finally imply H^^' = (l/3)i/°°*^' ^ 0,H°^ = (l/3)i7°°°^ ^ and 
n*-^' = —dkH^^^^ ^ 0. Taking the physical state as the harmonic state (i.e. \w) = \phys)), 
it can be seen that the following operator form of the first-class constraints of the original 
Lagrangian density annihilate the physical state \phys), namely; 

Qb \phys) = ^ K^' \phys) = 0, K'^ \phys) = 0, e^'^^^'^{dklCi^) \phys) = 0, 
Qd \phys) = ^ /CO^ \phys) = 0, JC'^ \phys) = 0, e'>'^'''"'{dkKim) \phys) = 0. (84) 

We note that the above constraint conditions on the physical states are nothing but 
W^phys) = 0,ll^^\phys) = and IT^phys) = 0. This can be seen from the equations of 
motion quoted in (38). It is, furthermore, interesting to note that Qd\phys) = yields the 
constraints on the physical states that are dual to whatever we obtain from Qb\phys) = 0. 
This can be checked from the discrete symmetry transformations (19) as well. 

The other two requirements Qab\phys) = 0, Qad\phys) = (that emerge from the 
requirement: Qw\phys) = 0) lead to the same restrictions as (84). Thus, we finally note 
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that the primary first-class constraints [W^ ~ 0, 11°* ^ 0) and the time derivative (IT*-' ^ 0) 
annihilate the physical state {\phys)) of the theory which emerge from Qb\phys) = 0. As 
a consequence, our quantization scheme is consistent with the Dirac's prescription for the 
quantization of physical systems with constraints. In our present theory, we also obtain 
the dual- version of the above constraints on the physical states from Qd\phys) = 0. These 
conditions Qd\phys) = 0, Qb\phys) = might force the 6D Abelian 3-form gauge theory, 
to be a model for the q-TFT. We plan to dwell on this issue in the next section. 

8 Physical applications of nilpotent symmetries: 
Interesting observations 

In our earlier works on 2D (non-) Abelian 1-form gauge theories [10-12], we have exploited 
the on-s/ie// nilpotent (anti-)BRST and (anti-)co-BRST symmetry transformations to prove 
that these theories are exact models of topological field theories (TFTs). We have been able 
to express the Lagrangian densities as well as symmetric energy momentum tensors of these 
2D theories as the sum of BRST and co-BRST exact terms. Furthermore, we have obtained 
four sets of topological invariants {Ik)h and {Jk)Jk w.r.t. the ojf-shell nilpotent (anti-) 
BRST as well as (anti-)co-BRST transformations which obey proper recursion relations 
(see, e.g. [33] for details). These invariants are succinctly expressed, respectively, as 



Vk, Ik= f Vk, Jk= f Wk, Jk= f Wk, (85) 

where {Vk)Vk and {Wk)Wk are the k-forms {k = 0, 1,2) and Ck are the homology cycles 
on the 2D closed Riemann surface (that is to be an Euclidean version of 2D non-compact 
Minkowskian spacetime manifold) on which the 2D theory is defined. It is essential to have 
the Euclidean version of the 2D non-compact Minkowskian manifold so that the topological 
invariants, homology cycles, etc., could find their proper physical/geometrical meaning [33]. 
As far as the physical application of our present (anti-)BRST and (anti-)co-BRST sym- 
metry transformations is concerned, we would like to study, first of all, the nature of 
Lagrangian density (30) in terms of the following on-shell nilpotent symmetries 
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which are derived from the off-shell nilpotent BRST and co-BRST symmetry transforma- 
tions [cf. (32), (47)] by the following substitutions 
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[d^c^^ + d^Ci), 



B = -[d-(5), 



The above relations emerge, as the equations of motion, from the Lagrangian density 
(30). We note that 5(6)^ are on-shell (uCi = 0, DCi = 0, DCa = 0, DCa = 0, D/?^ = 

0, np^ = 0, n<f)l'^ + d^{d ■ 0(1)) = 0, n0(f) + d^{d ■ 0(2)) = o, nc^, - (3/4) [d^{d^Cr,,) - 

d^d^Cr,^)] = 0, nC^,-i3/A)[d^{d^Cr,,)-d,{d''Cr,^)] = o) nilpotent of order two (5^^), = 

O) . Furthermore, these are actual symmetry transformations for the following Lagrangian 
density 
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which is derived from (30) by the appropriate substitutions from (88). For an exact topolog- 
ical field theory, it is essential that this Lagrangian density should be able to be expressed 
as the sum of BRST and co-BRST exact terms (especially for a field theoretic model for 
the Hodge theory as is the case with our earlier works on 2D (non)Abelian theories [10]). 
We demonstrate that our present model of 6D Abelian 3-form gauge theory is a model 
for a quasi-topological field theory (q-TFT) because one can express (89) as the sum of 
BRST and co-BRST exact terms modulo a total spacetime derivative term plus a single 
extra term. To corroborate the above statement, it can be checked that, we have 
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Here the exact expressions for Tj, Pj (i = 1, 2, ..., 5) and Z^ are 
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Thus, we note that the Lagrangian density (90) looks very much hke the model for an 
exact TFT hut for the term | {d^C^'^) {d^Cnv) ■ This is why we have christened our present 
theory as a model for the q-TFT because it misses by a single term to be an exact model for 
TFT. The same kind of observation has been made in our earlier work on 4D free Abelian 
2-form gauge theory where we have proven its quasi-topological nature [24] . 

We now focus on the topological invariants like (85). For our present 6D Abelian 3- form 
gauge theory, the invariants like (85), are as follows 
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The above invariants are defined (w.r.t. BRST charge) on the Euclidean version of the 
non-compact 6D Minkowskian spacetime manifold on which our present theory is consid- 
ered. At this stage, a few useful comments are in order. First, the zero- form invariant 
Vo(-|-3) is BRST invariant (i.e. s^Vo = 0). Second, the numbers (-1-3, -|-2, -|-1, 0, — 1) in 
the round brackets correspond to the ghost numbers that uniquely characterize the topo- 
logical invariants. Third, the invariants terminate at /c = 4 as, V4(— 1) with ghost num- 
ber (—1), turns out to be an exact form. Fourth, the topological invariants Ik (w.r.t. 
anti-BRST symmetries) can be obtained from Ik {k = 0, 1,2,3,4,5) by the replacements: 

L/2 ~^ L/2, Cyf^l/ — )■ C^;/, K^i, — )■ Kf^iy, Gf^l/ — )■ C^jy, Af^iyr) -^ A ^jyfj 8110. Ilf^,yr)K ~^ H^IVTIK- T itt h , it 

is clear that the ghost numbers for the existing invariants Ik w.r.t. anti-BRST symmetries 
would be in the order (—3, —2, —1, 0, -|-1), respectively. Finally, as a key signature of the 
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topological properties, the above invariants obey the following recursion relations: 
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k = 1,2,3,4,5. 



(95) 



Thus, it is clear that our present model of 6D Abelian 3-form gauge theory captures one of 
the key features of an exact TFT (see, e.g. [10-12] for details). 

Analogous to the topological invariants {Ik)Ik w.r.t. off-shell nilpotent symmetries and 
corresponding conserved (anti-)BRST charges, one can write down the invariants with 
respect to the (anti-)co-BRST charges. The ones, w.r.t. the co-BRST charge, are 
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(96) 



A few comments are in order, at this juncture. First, it can be checked that W^o(~3) 
is a co-BRST invariant quantity [i.e. SdW^i^—?)) = 0]. Second, the five numbers 
(—3, —2, —1, 0, -|-1) in the round brackets correspond to the ghost numbers which provide 
the accurate characterization of a specific invariant. Third, one can obtain the k-forms 
Wk {k = 0,1,2,3,4) w.r.t. anti-co-BRST charge by the replacements: C2 — > C2, C^y — )■ 



^flVl l^flV 



-^ K^fjiu, C^y -> C^u, /3f, -> /3^ and A^,,^ -)■ A^^r,- Fourth, the ghost numbers of 



invariants Wk (with A; = 0, 1, 2, 3, 4, 5) would be in the order (-1-3, +2, +1, 0, —1). Fifth, the 
forms iy4(-|-l) and W4(— 1) turn out to be exact forms. As a consequence, we find that 
W5 = 0, W5 = due to d'^ = 0. Finally, the above invariants follow the recurrence relations 
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(97) 



Thus, we note that our present theory does capture one of the key features of TFT. We 
have purposely denoted the invariants w.r.t. the co-BRST charge with a bar (Wk) because 
the anti-ghost fields appear in the co-BRST symmetry transformations [cf. (87)]. As a 
consequence, the invariants, w.r.t. the anti-co-BRST charge, are denoted without a bar. 
This observation should be contrasted with the invariants w.r.t. BRST and anti-BRST 
charges where we have taken the opposite convention for the notations of these invariants. 
Now we focus on the invariants starting with the ghost number (-1-2) w.r.t. the BRST 
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charge. A set of such quantities [that follows the recursion relations (95)] are 
K,(+2) = K'^'id.P,), 
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Cfiu, C^u — 7- C^,^ and f3^ — > /3^. To compute the invariants (Wk) (with A; = 0, 1, 2, 3) w.r.t. 



As discussed earlier, we can obtain the invariants starting with ghost number (—2) w.r.t. 
the conserved and nilpotent anti-BRST charge by the replacements: Ki,,,y — > K,,.,,, C,i,,y — )■ 

the co-BRST charge, we have to replace: K^ 
the above set of invariants. As is evident, these invariants will be characterized by the ghost 
numbers (—2,-1,0). These invariants, w.r.t. the nilpotent (anti-) co-BRST charges, obey 
the recursion relations (97). Similarly, the invariants Wk (with k = 0,1,2,3), w.r.t. the 
anti-co-BRST charge, can be obtained from Vk by the only the replacement K^,^ — > K,^^. As 
a consequence, these invariants would be characterized by the ghost numbers (+2, +1,0). 
Thus, we conclude that if we know the set of invariants w.r.t. the conserved and nilpotent 
BRST charge, we can obtain all the other invariants w.r.t. anti-BRST and (anti-) co-BRST 
charges by exploiting the appropriate discrete symmetry transformations listed in Sec. VI. 
We venture, now, to obtain the invariants w.r.t. the nilpotent and conserved BRST 
charge corresponding to the ghost number (+1). These invariants, obeying the recursion 
relations (95), are as follows 



Vi{0) = [{d^C''^)C,^ + C''^{d^C,r,)]dx^ = d 
\/2(-l) = 0, (rf2 = 0). 



^^vn 



UTI 



(99) 



It is evident, from our previous discussions, that the invariants [starting with the ghost 
number (—1)] w.r.t. the anti-BRST charge can be obtained from the above by the replace- 
ments: K^i, — )■ Kf^i,, C^u — )■ (7^1/, C^y — )■ C^u, (3^ — )■ /9^. These invariants would also obey 
the recursion relations (95). From the set of invariants listed in (99), we can obtain all the 
invariants of theory w.r.t. anti-BRST and (anti-)co-BRST charges by appropriate use of 
discrete symmetry transformation of Sec. VI. This has already been done for the invariants 
starting with ghost number (+2) from equation (98). Exactly the same substitutions, from 
the discrete symmetry transformations of Sec. VI, have to be exploited here, too. 

We make, in the following, some remarks that are very decisive. These are connected 
with some invariants which obey exactly the same recursion relations as (95) and (97) 
but they are not physically interesting on various grounds. First, we discuss about the 
alternative to the BRST invariants with the characteristic ghost number (+1). These can 
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be also constructed as follows 
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However, one can check that the mass dimension of Vo(+l), in the above equation, is 
seven (i.e. [Vo(+l)] = [MY) in the natural units where h = c = 1. In a 6D theory, an 
invariant of mass dimension seven is not allowed. Thus, we do not include (100) in the 
list of appropriate invariants. Similarly, a set of BRST invariants starting with the ghost 
number (+2) can be constructed as follows: 
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which obey the correct recursion relation. As discussed earlier, other invariants corre- 
sponding to (100) and (101) can also be obtained by exploiting the appropriate discrete 
symmetry transformations of Sec. VI. We note that the mass dimension of Vo(+2) is seven 
(i.e. [Vo(+2)] = [MY) in natural units (where h = c = 1). This kinds of invariants are 
not allowed in a 6D theory where the maximum physical dimensions of BRST-invariant 
quantities can be at most six. There is another argument in favour of discarding (101) 
as physical invariants. We note that only ghost fields are present in (101) which are not 
physical fields. Thus, above set of invariants (101) are noi^ physically interesting. 

We wrap up this section with a couple of remarks. First, we have discussed the quasi- 
topological nature of 6D Abelian 3-form gauge theory by exploiting the on-shell nilpotent 
BRST and co-BRST symmetry transformations [cf. (90)]. However, one can discuss the 
above properties in terms of the on-shell nilpotent anti-BRST and anti-co-BRST symmetry 
as well (where the Lagrangian density (31) would play very important role). Second, it is 
known in literature that, even if there are propagating degrees of freedom in a theory, the 
theory can still capture some of the key features of TFT (see, e.g. [34-35] for details). We 
have shown that, exactly above kind of situation is prevalent in the case of 4D Abelian 
2-form [24] as well as 6D Abelian 3-form gauge theories which are perfect models for the 
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Hodge theory. This observation should be contrasted with the 2D Abehan l-form gauge 
theory which is a perfect model for the exact TFT as well as Hodge theory [10]. In all the 
above claims, the dual-BRST (i.e. co-BRST) symmetry plays a very significant role. 

9 Conclusions 

In our present endeavor, we have been able to establish that the "classical" dual-gauge 
symmetry transformations would be always associated with any arbitrary Abelian j9-form 
(p = 1,2,3, ...) gauge theory in some specific D-dimensions of spacetime (when D = 2p). 
We have been able to show that this is true in the cases of Abelian l-form gauge theory 
in two (1 + l)-dimensions of spacetime, Abelian 2-form gauge theory in four (3 + 1)- 
dimensions of spacetime and, in our present investigation, we have shown the existence 
of dual-gauge symmetry transformations for the Abelian 3-form gauge theory in higher 
(D > 4) six (5 + l)-dimensions of spacetime in great detail. In all the above discussions, 
we have considered, for the sake of simplicity, the gauge-fixed Lagrangian densities in the 
Feynman gauge only. However, our discussions could be easily generalized to the gauge- 
fixed Lagrangian densities, of the above gauge theories, in any arbitrary gauge. Thus, we 
firmly believe that a D = 2p dimensional Abelian p-iorra gauge theory would always be 
endowed with the dual-gauge symmetry transformations at the "classical" level. 

As is well-known and firmly well-established, the usual gauge symmetries are gener- 
ated by the first-class constraints (in the language of Dirac's prescription [31,32] for the 
classification scheme) of any arbitrary p-form gauge theory in any arbitrary D-dimensions 
of spacetime. However, the dual-gauge symmetries exist for any arbitrary Abelian p-form 
gauge theory only in D = 2p dimensions of spacetime where the origin for such an existence 
lies in the self-duality condition [cf. (4), (8), (15)]. In other words, the dual-gauge symmetry 
exists for the Abelian p-form gauge theories where there is a self-duality condition which is 
mathematically dictated by the Levi-Civita tensor of the D = 2p dimensions of spacetime. 
There is yet another distinguishing feature that differentiates the gauge- and dual-gauge 
symmetry transformations for an Abelian theory. Whereas the curvature tensor (owing its 
origin to the exterior derivative) remains invariant under the continuous gauge symmetry 
transformations, it is the gauge-fixing term (owing its origin to the co-exterior derivative) 
that remains invariant under the continuous dual-gauge symmetry transformations. 

For the 2p-dimensional Abelian p-iorra gauge theories, one can generalize the above 
"classical" dual-gauge symmetry transformations to the "quantum" level in the language 
of off-shell nilpotent (anti-)dual BRST [or (anti-) co-BRST] symmetry transformations. The 
latter off-shell nilpotent and absolutely anticommuting symmetry transformations should 
be contrasted with the usual off-shell nilpotent and absolutely anticommuting (anti-)BRST 
symmetry transformations. In fact, it is the tota/ kinetic terms that remain invariant under 
the proper (anti-)BRST symmetry transformations whereas it is the toto/ gauge-fixing terms 
that remain unchanged under the proper (anti-)co-BRST symmetry transformations. For 
the Abelian p-form gauge theory, the curvature tensor for the gauge field (owing its origin 
to the exterior derivative) remains certainly invariant under the off-shell nilpotent (anti- 
)BRST transformations. However, for such theories, it is the gauge- fixing term for the same 
gauge field (owing its origin to the co-exterior derivative) that remains definitely unchanged 
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under the (anti-)co-BRST transformations. Hence, the nomenclatures are very appropriate 
for the above nilpotent symmetry transformations. 

It is of utmost importance to point out that exactly similar kind of restrictions [cf. (3), 
(6), (13)] must be imposed on the (dual-)gauge parameters for the (dual-)gauge invariance 
of the gauge-fixed Lagrangian densities of any arbitrary D = 2p dimensional Abelian p- 
form gauge theory. Within the framework of the BRST formalism, however, there are no 
such restrictions on any parameters of the theory. This is due to the fact that the equa- 
tions of motion for the Faddeev-Popov (anti-)ghost fields of the theory take care of these 
restrictions that are found for the (dual-)gauge invariance of the gauge-fixed Lagrangian 
densities. The coupled Lagrangian densities (30), (31) respect both the off-shell nilpotent 
(anti-)BRST and (anti-)co-BRST symmetry transformations [cf. (34), (32), (49) and (47)] 
on the hypersurface defined by the CF-type restrictions [cf. (24) and (43)]. 

For all the D = 2p dimensional Abelian p-form gauge theories, one can define a bosonic 
symmetry in the theory that emerges from the suitable anticommutators between the above 
nilpotent (anti-)BRST and (anti-)co-BRST symmetry transformations. The above nilpo- 
tent (anti-)co-BRST and (anti-)BRST symmetry transformations provide the physical real- 
izations of the (co-)exterior derivatives and their appropriate anticommutators provide the 
physical realization of the Laplacian operator. There always exists a ghost-scale symmetry 
in the above theories which is needed for the definition of the ghost number of a state 
in the quantum Hilbert space. Together, the algebraic structures of all the six continuous 
symmetries (and their corresponding generators) provide the physical realizations of the al- 
gebra obeyed by the de Rham cohomological operators (as well as the Hodge decomposition 
theorem that is defined in terms of the above cohomological operators [cf. (80)- (82)]). 

There exists a discrete set of symmetries in the above D = 2p dimensional Abelian 
p-form gauge theories that is connected with the self-duality conditions [cf. (4), (8), (15)]. 
This condition, in turn, is very intimately related with the Hodge duality (*) operation of 
differential geometry. As a consequence, these symmetries provide the physical realization 
of the Hodge duality (*) operation (of differential geometry). Thus, the spacetime D = 2p 
dimensional Abelian p-form gauge theories automatically provide the field theoretic models 
for the Hodge theory where all the de Rham cohomological operators, Hodge duality (*) 
operation and Hodge decomposition theorem, etc., find their physical realizations in the 
language of discrete and continuous symmetry properties of these theories. Furthermore, 
it turns out that the mathematical condition * d A^^^ = 5 A^p^ is always satisfied for the 
Abelian p-form gauge theories in D = 2p dimensions of flat spacetime. Such theories are 
always endowed with the dual-gauge and off-shell nilpotent and absolutely anticommuting 
(anti-)co-BRST symmetry transformations (see, e.g.. Appendix D for details). 

One of the novel observations in our present investigation is the fact that {sb, Sad} = sL 
and {sd,Sab} = sL define new bosonic symmetries in the theory. However, these new 
bosonic symmetries cannot be identified with the Laplacian operator of differential geome- 
try because these do not commute with the ghost-scale symmetry transformations. Hence, 
these do not correspond to the Casimir operators for the whole algebra. Further, a close 
look and a careful observation of the transformations in (67) shows that Sd and Sah (as well 
as Sb and Sad) anticommute with each-other up to a U(l) vector gauge transformations. In 
the context of 2D Abelian 1-form [10-12] and 4D Abelian 2-form gauge theory [13-16], it 
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has been found that {sb, Sad} = and {s^, Sab} = which imply the absolute anticommu- 
tativity between the above nilpotent (fermionic) transformations. We have discussed, in 
detail, about these new bosonic symmetries in our Appendix E and established that these 
can not be identified with the Laplacian operator of differential geometry (due to the ghost 
number considerations and their connection with the degree of a form). 

In our earlier works on 2D Abelian 1-form [10] and 4D Abelian 2-form gauge theories 
[24], we have shown that the former theories turn out to be a perfect model for a new 
TFT and the latter theory is proven to be a model for q-TFT. Both varieties of theories 
are, however, perfect field theoretic models for the Hodge theory. We have proven, in our 
present investigation (cf. Sec. Vlll) that the 6D Abelian 3-form gauge theory, besides being 
a perfect model for the Hodge theory, is also a model for the q-TFT where the physical 
application of the dual-BRST symmetry turns up in a very convincing and cogent manner. 
In other words, as is evident from the d.o.f. counting, we have demonstrated that the 6D 
Abelian 3-form gauge theory is not a perfect model for the TFT. We note, in passing, that 
the physical contents of the 4D Abelian 2-form and 6D Abelian 3-form gauge theories are 
very much similar to each-other within the framework of BRST formalism as both of them 
are the perfect models for the Hodge theory as well as q-TFT. 

We have not discussed, in our present investigation, anything about the interacting 
p-iorm. gauge theories (with matter fields) as well as the more general non-Abelian p-form 
gauge theories. In this connection, we would like to state that, so far, we have been able to 
establish that the interacting 2D Abelian 1-form gauge theory (with Dirac fields) and the 
2D (non-)Abelian 1-form gauge theories (without any interaction with matter fields) also 
provide the field theoretic models for the Hodge theory (see, e.g., [11,12]). It would be very 
challenging endeavor to obtain the tractable field theoretic models for the Hodge theory in 
the cases of interacting (non-)Abelian p-form gauge theories in any arbitrary dimensions 
of spacetime where matter fields are also present. These are some of the issues that are 
presently under investigation and our results would be reported in the future. 

Acknowledgements: Three of us (RK, SK, AS) would like to thank UGC, Govt, of India, 
New Delhi, for financial support under the SRF, RGNF and RFSMS schemes, respectively. 



Appendix A 

In our earlier work [22], we have derived the gauge-fixing and Faddeev-Popov ghost terms 
for the starting Lagrangian density (>C(o) = ^H'^^'^'^Hf^i^rjn), within the framework of BRST 
formalism, by exploiting the following standard expressions (see, e.g. [21,22]): 
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where s^ and Sab are the off-shell nilpotent symmetry transformations (32) and (34), respec- 
tively, and (£(6), £(6)) are the coupled (but equivalent) Lagrangian densities that respect 
the (anti-)BRST symmetry transformations S(^a)h- Within the above square brackets in 
(A.l) and (A.2), we have chosen the combinations of fields that have mass dimensions 
equal to four and ghost numbers equal to zero for the derivation of the 6D (anti-)BRST 
invariant Lagrangian densities. The emerging Lagrangian densities, however, do not pro- 
duce the fermionic CF-type of conditions (43) from the equations of motion. Thus, we have 
altered a bit the above combinations of fields in the square brackets of (A.l) and (A.2) as 



£ 



ib) 



-n J^ auriK. ~r S^S 



A^) 



C 



(b) 



24 

1 

' 2 

24 ^-^fiuriK 



- C2C2 



\ CiC, - \ c,,c^^ - i^w^'^^'^ 



+ P^J.P ~ 7^ A^i^jjA 



(A.S) 



SabSb 



\ C2C, - \ CrC, - \ C,,C^^ - i^^^V'^^'^ 



^f' 



0M2) + ^^^P 






(AA) 



which leads to the derivation of appropriate coupled and equivalent Lagrangian densities 
(30) and (31) (see. Sec. Ill) after hnearizations of the kinetic term {^H'^^^'^H^i.riK) by 
invoking the Nakanishi-Lautrup type auxiliary fields K.^^, and K^u and introducing the 

(2) 

Lorentz vector fields 0/^ [cf. (20), (21)]. The Lagrangian densities [i.e. (30), (31)] yield 
CF-type of restrictions (24) and (43) from equations of motion [cf. (38), (39)]. 

We would like to lay stress on the fact that the difference between (A.l) [as well as (A.2)] 
and (A. 3) [as well as (A. 4)] is only the term Z?'^/?^ which carries (— ) sign in the former pair 
and (+) sign in the latter pair. The key advantage of the choice in (A. 3) [and (A. 4)] leans 
heavily on the derivation of CF-type restrictions (24) and (43) which automatically turn 
out to be (anti-)BRST as well as (anti-)co-BRST invariant. This happens because (24) and 
(43) are derived from the equations of motion which always respect the basic symmetries of 
the theory. As a consequence, these (anti-)BRST and (anti-)co-BRST invariant restrictions 
are physical in some sense (in the light of our theory being a model for the Hodge theory). 



Appendix B 



In this Appendix, we shall show that the BRST charge Qb is nilpotent of order two (i.e. 
Ql = =^ I {Qb, Qb} = 0) from the symmetry principle SbQb = —^iQb, Qb} = where 
the conserved and nilpotent BRST charge Qb plays the key role of a generator. For this 
purpose, we use here the BRST symmetry transformations Sb [cf. (32)] and the expression 
for the conserved charge Q^ [cf. (41)]. It can be explicitly checked that 



SbQb 



(Tx 



{d^F' - d'F°){diC2) + {d^K"'^ + d'^K'^^ + d'^K^''){d^/3^ - d^/3^) . (5.1 
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The following Euler-Lagrange equations of motion [cf. (38)] 



□ C,, - -{d^F, - d,F,) = 0, d^C^'' + d'^Ci - 2F'' = 0, 



e^ur,.xp {d'^JC"'') = d^K^p + d^Kp^ + d,K^^, 



(5.2) 



can be exploited to re-express (B.l) in a different form. For instance, we obtain the following 



(9°F^ - d'F^) = - D C°\ 



S-C-o^ = 9°Ci - 2F°, 



QOj^ur, ^ Quj^nG ^ ^^^0^ _ _ _ ^0^.\pu^ (d^lCxp), 



(5.3) 



from (B.2) as special cases. Using the above equations of motion (B.3) in equation (B.l) 
and performing a partial integration, we can re-express (B.l) as follows: 



SbQb = d X di 

+ - d^x 
3 



I (D C'') C2 + \ £°^^'"" lC,k{di(5m - dm(5i) 



9°(n Ci) C2 - 2(n F°) C2 



(5.4) 



It is clear from the above expression that the first integral vanishes at infinity (due to 
Gauss's divergence theorem) and the second integral is equal to zero due to the Euler- 
Lagrange equations of motion D C*! = and D F'^ = . Therefore, s^Qt = —i {Qb, Q^} = 
implies that the BRST charge Qh is nilpotent (i.e. Ql = 0) of order two. 

In an exactly similar fashion, we prove the nilpotency of the anti-BRST charge Qab by 
exploiting the principle of symmetry transformations where the concept of generator plays 
an important role. For instance, taking the help from (40) and (34), it can be checked that 



SabQ 



ab 



d^x 



-{d^F'-d'F^){d,C2) + {d^K'''^ + d''K'^^ + d'^K°'') {0^/3^-0^/3^) . (5.5) 



The above expression can be re-expressed by using the following Euler-Lagrange equations 
of motion [cf. (39)] that emerge from the Lagrangian density £(m, namely; 



e^u^^xp {O^JC"^) = O^Kxp + OxKp^ + O.K^^, U C^, + -(9^F, - 9,F^) = 0. (5.6) 



Actually, it can be seen that the above equations lead to 

as special cases. Substitution of (B.7) into (B.5), yields 

SabQab = I d^x 0, ^ (D C°0 C2-\ e^*'''"'™ K:,k{0i[3^ - 0„3i) 



(5.7) 



36 



2 
3 



d^x 



□ {d,C 



On 



Co. 



{B.i 



This expression can be further simphfied by using the equation of motion d^C^'^ — d^Ci + 
2F^ = which leads to diC^' = -(d^Ci) + 2F^. The final form of (B.8) is: 



SabQ. 



ab 



2 
+ 3 



d X di 



d^x 



^(D C*) C2-\ £°*^''™ lC,k{diBm - dmk) 



d\U Ci) C2 - 2(n F°) C2 



(5.9) 



The above equation explicitly implies that SabQab = —i {Qab, Qab} =^ Qab — when we 
use the Euler-Lagrange equations of motion D Ci = and D F° = and throw away the 
total space derivative terms (due to Gauss's divergence theorem). 



Appendix C 



Here we provide the key ingredients for the proof of absolute anticommutativity of the 
conserved (anti-)BRST charges Q(a)b [cf- (41), (40)] with the help of symmetry transfor- 
mations [cf. (34), (32)] and the concept of generators for the theory. Let us take as an 
example the proof of SbQab = —i{Qab, Qb} = 0. Using (40) and (32), we obtain 



SbQ. 



ab 



d^x 



2! 



^oijkin. (5,ir,,) £;„ - {d^K-"^ + 9^7^"° + d''K"')K,r, + i?°' {d,Bi] 



+ {d^C"'' + d'C"^^ + d'^C^") {djr, - dj,) - (9°/3' - d'(3^) (9,52) + Bi Bi 
- {d^C"^ + S'^C'O + d'^C^") {d^Fr, - d^F^) + (9°^^ - d'^"^) (d^B) + B B2 



ipi aj TpO\ 



+ {dT - (97") fi - ((9"F* - d'F^) Fi + B^B 



(C.l) 



The above expression requires some involved algebraic computations in the proof of si^Qab = 
~'i- {Qab, Qb} = 0. Therefore, for the sake of brevity as well as step-by-step computations, 
we divide the r.h.s. of (CI) into four parts as given below 



h 



d^x 



_ ^oijkim (^d.x-^) JCi^ - {d'^K"" + d^'K"'^ + d''K°'')K, 



urj 



h = I d^x 



h = I d^x 



d^x 



K'' (d^Bi) + Bi 5i 



id^P' - d'P") (diB) - {d^^' - 9^/3") {diB2) + BB2 + B2B 



^qo^u^ + S'C'^'O + 9"^°'^) {dJn - dj,) + {d^f - d'f) fi 



{C.2a) 

{C.2b) 
{C.2c) 



- {d^C" + d^C"^ + d'^C^") {d^F^ - dr,F^) - (9°F* - d'F^) Fi 



{C.2d) 
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Exploiting the CF-type condition K^,y + K^y = d^cpi, — d^cpli [cf. (24)], the second term 
of the integral Ji can be re-expressed as 

- j d^x (d^K"'' + d''K'>^ + d'^K^") Ky^ = f d^x (d^K"'^ + 9^7?"° + d^'K^'') K^r,- (C.3) 

The Euler-Lagrange equations of motion | Sf^^riKXp {d^lC'^^) = d^Kxp + dxKpK + dpK^x [cf- 
(39)], derived from the Lagrangian density £(5), imply 



Substituting (C.4) into (C.2a) and performing partial integration, we obtain 



(C,4) 



,.._W.=.a.(.»-X,^„.).i /.=..-- 



d,{K^k + Kjk) K-im- (C.5) 



Thus, we note that Ji = if we use (24) and if we assume that the physical fields are those 
that vanish at infinity (due to Gauss's divergence theorem). 

Let us now take the integral /2. Performing the partial integration, we obtain 



d^xdABiK 



-Qi 



d^x 



fii {d,K^') - fii fii 



(C.6) 



It should be noted that the first term goes to zero (due to the validity of Gauss's divergence 
theorem) and the second term vanishes if we use the equation of motion d^K^" + d'^Bi = 
from (39) (which implies diK^^ = Bi). If we carry out the partial integration and throw 
away the total space derivative terms, we obtain the form of integral I3 as 



d^x 



^iaO\ 



^Oo ni 



iiaO\ 



{d^di/3' - did'/3^) B - {d^di/3' - d,d'/3^) B2-BB2-B2B . (C?) 



Using the appropriate equations of motion B = —{d ■ (3), B2 = {d ■ (3) from (39) [which 
imply (9j/3* = —B — do/3^, dif3^ = — (9o/3° + -B2], the above expression can be re-expressed as 



d^x 



B (n^°) - B2 (n/3^ 



{C.t 



It is clear from the above equation that the integral I3 vanishes {I3 = 0) if we use the 
Euler-Lagrange equations of motion D/^q = 0, D/Jq = [cf. (39)]. 
The integral J4 can be expressed in the component form as 



-2 / d^x 



d%d,c'^) f, + d.id'c^'^ - dW) f, - - {d'r - -97°) /. 



- d\diC'^) Fj - diid'C^'^ - d^C''^) Fj + - {d^F' - (9*F°) Fi 



iC.9) 



where we have performed the partial integration in the first and third terms of the integral 
/4 and have thrown away the total space derivative terms. Using the following equations 
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of motion ^f,C^"' - d^d + 2F'' = 0, df.C'"' - d^d + 2^ = 0, the above integral can be 
reduced to the following form: 



L = 2 / d^x 



□C*) fi - (DC*) Fi + 2{d"f - d'f) fi - 2{d^F' - S'F") F^ 



(C.IO) 



+ I {d'r - d'f) h-\ {d'r - d^P) F, 

Further, exploiting the appropriate equations of motion nC°* 

-K^of - d'p) [cf. (39)] and the CF-type conditions /^ + F^ = 9^Ci, /^ + F^ = d^C^ 

from (43), the above expression can be re- written as 



;((9°F^-9^F0), DC 



OJ 



(fx 



^d^f _ dj^) (/, + F,) - (9V* - d'F") (/, + Fi) 



(TX 



Ud') (9,Ci) - (DC"'*) {diC_ 



(C.ll) 



After performing the partial integration and, then, using the Euler-Lagrange equations of 
motion diC^' = -d^Ci + 2^°, diC^' = -d'^Ci + 2f [cf. (39)], the above integral can be 
proved to be zero. The following form of I4 corroborates the above statement, namely; 



-^ / d'x 



d^{DCi) Ci - 2(n/°) Ci - <9°(nCi) Ci + 2(nF°) Ci 



0, 



(ai2) 



where we have thrown away the total space derivative terms and we have used the equations 
of motion DCi = 0, DCi = 0, DF^ = 0, 0/° = [cf. (39)]. 

From the above computations, it is clear that SbQab = —i {Qab, Qb} = shows that 
Qb and Qab are anticommuting in nature on the constrained hypersurface defined by the 
CF-type equations (24) and (43). In an exactly similar fashion, one can also prove that 
SabQb = —i {Qb, Qab} = (which imply the anticommutativity of Qi, and Qab)- We would 
like to comment that the complete extended BRST algebra (79) can be derived by using 
the concept of principle of symmetry transformations as we have demonstrated in the proof 
of nilpotency {QJa)b — 0) ^^^ anticommutativity property {{Qb, Qab} = 0) (cf. Appendices 
B and C). In this method of proof, the algebra is straightforward and handy. 



Appendix D 



Here we discuss the discrete symmetry transformations for the Abelian p-form gauge theory 
in D = 2p dimensions of spacetime. It is clear that the kinetic term of this gauge theory 
will be constructed from the {p + l)-form F^p~^^^ as given below 



F(p+i) = d A^P'^ 



dx^^ A dx^"^ A dx^"'^... A dxf^p+^ 
(p+1)! 



^J.l^J.2^J.'i...^J,p+l) 



[D.l] 



where F^^^2^3...^p^j is the totally antisymmetric curvature tensor that is expressed in terms 
of the antisymmetrized version of derivatives on the p-form potential A/^i^2/i3-Mp- The 
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gauge-fixing term in the D = 2p dimensional spacetime for tlie p-form gauge potential is a 
{p — l)-form antisymmetric tensor (defined in terms of the co-exterior derivative 6) as 



S A(p) = -* d * a(p) 






0* ^fMl|J,2^J.3■■■^J.p|y \L>.Z 



where {d^^ A^^^^^^___^^) is totally antisymmetric in all the indices from /X2 to /ip. 

The gauge-fixed Lagrangian density for the D = 2p dimensional Abelian p-form gauge 
theory can be written (in the Feynman gauge) as (see, e.g., [36]) 

r — / p \ ( p^il^J■2^^.z■■■^J.p+l 



2(p+l) 



Ml/^2M3---^p+l 



The above Lagrangian density would respect (dual-)gauge symmetry transformations anal- 
ogous to (2), (7) and (11). The key reason behind the existence of the dual-gauge symmetry 
transformations is the following self-duality condition 

(—l)p 
^ /i(p) — .!^ £_ p A^J.p+l^J.p+2■■■^J.2p (p) A'] 

where the Hodge duality (*) operation is defined on a 2p-dimensional fiat spacetime man- 
ifold, on which, a 2j9-dimensional Levi-Civita tensor e^i^2M3---/ipMp+i-M2p can exist. The fol- 
lowing discrete symmetry transformations on the p-form gauge potential, namely; 

A v -I- c At^p+lt^p+2---fJ.2p ( F) ^^ 

^fllll2---fJ.p ^ -^ I t.^i^2---MpMp+l---/^2p ^ 1 \^-^) 

would turn out to be the symmetry transformations for the gauge-fixed Lagrangian density 
(D.3) as we have seen the existence of analogous symmetries in the cases of 2D Abelian 1- 
form, 4D Abelian 2-form and 6D Abelian 3-form gauge theories. In fact, under the discrete 
transformations (D.5), the kinetic and gauge-fixing terms would exchange with each-other 
in the gauge-fixed Lagrangian density (D.3) in the Feynman gauge. 

The "classical" dual-gauge symmetries can be generalized to the nilpotent "quantum" 
(anti-)dual-BRST symmetries in the same way as we have done for the 2D Abelian 1-form, 
4D Abelian 2-form and 6D Abelian 3-form gauge theories. We very briefly outline here the 
derivation of, first of all, the proper (anti-)BRST symmetry transformations by exploit- 
ing the geometrical superfield approach [28,29]. Primarily, we invoke here the following 
horizontality condition (F(p+i) = _p(p+i)). In other words, we demand 

rfi(p) = rfA(p\ (D.6) 

where d = dx'^d^ {fi = 0,1,2, ...,2p — 1) is the ordinary exterior derivative defined on 
the ordinary D = 2p dimensional spacetime and A^^^ is the ordinary p-form connection. 
On the l.h.s. of (D.6), we have the super exterior derivative d (with d"^ = 0) and super 
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p-form connection A^^^ which are the generahzations of their ordinary counterparts (in 2p- 
dimensions of spacetime) onto a (2p, 2)-dimensional supermanifold. These generahzations 
can be succinctly expressed, in the mathematical form, as 



d — y d = dZ'^^'dM = dx'' df, + d9 de + d9 dg, 

A(v) ~A(v) fdZ'''^AdZ'''\..AdZ'''^\ ~ , -, ,^^, 

Aip) _^ ^(P) = / ^ j AM,M,...M,ix,e,e), {D.7) 

where Z'^ = (x^, 6, 6) and Om = (<9^, dg, dg) are the superspace variables and corresponding 
derivatives that characterize the (2p, 2)-dimensional supermanifold on which the Abelian p- 
form gauge theory has been generalized. Here the bosonic variable a;'^(/i = 0, 1, 2, ..., 2p — 1) 
are the ordinary spacetime variable and {6, 6) are a pair of Grassmannian variables (with 
^2 — ^2 _ Q^ QQ _^ 00 ^ Q^ Furthermore, the multiplet superfields AmiM2...Mp-iMp{x,9,9) 
will have (anti) symmetric components (i.e. A^^i^j-.-mp' ^MiM2,e,0...Atp; etc.). These super- 
fields Am-i^m2...Mp{x, 9, 9) can be expanded along the Grassmannian directions of the (2p, 2)- 
dimensional supermanifold (see, e.g., [21]) in terms of the basic, auxiliary and secondary 
fields of the ordinary 2j9-dimensional (anti-)BRST invariant field theory. 

At this juncture, the horizontality condition (D.6) plays a decisive role. This condition 
is basically the covariant reduction of the supercurvature (p-l-l)-form F(p+^) to the ordinary 
curvature (p+ l)-form F^^^^\ In fact, first of all, we substitute the values of d and A^'^^ from 
(D.7) into the l.h.s. of (D.6). The covariant reduction of the supercurvature {p + l)-form 
^(p+i) (defined on the (2p, 2)-dimensional supermanifold) to the ordinary curvature (p+1)- 
form F*^^"^^^ (defined on 2p-dimensional supermanifold), leads to the derivation of off-shell 
nilpotent (s?^-)^ = 0) and absolutely anticommuting (s^Safe + SabSh = 0) (anti-)BRST trans- 
formations (see, e.g., [21] for Abelian 2-form and 3-form gauge theories). From these proper 
(anti-)BRST symmetry transformations, one can always obtain the (anti-)BRST invariant 
coupled Lagrangian densities (see, e.g.. Appendix A for 3-form gauge theory) that incor- 
porate the gauge-fixing and Faddeev-Popov ghost terms. Furthermore, these Lagrangian 
densities would always respect the (anti-)BRST symmetry transformations derived from 
the horizontality condition (within the framework of superfield formalism [28,29]). 

Finally, the discrete symmetry transformations for the gauge field (D.5) can be general- 
ized to incorporate such discrete symmetry transformations on the (anti-)ghost and auxil- 
iary fields of the theory. The full discrete symmetry transformations define the analogue of 
the Hodge duality (*) operation of differential geometry. As a consequence, we can define 
the analogue of relation (77) that would enable us to deduce the (anti-)dual-BRST sym- 
metry transformations S(^a)d- The latter symmetries also turn out to be off-shell nilpotent 
i^fa)d ~ 0) ^^^ absolutely anticommuting {sdSad + SabSt = 0) in nature. Having obtained 
these basic nilpotent {s'^a)b ~ ^^ ^fa)d ~ ^) (anti-)BRST and (anti-)co-BRST symmetry 
transformations S(^a)b and S(^a)d, we can derive bosonic as well as ghost-scale symmetries 
of the theory and show that the Abelian p-form gauge theory, in D = 2p dimensions of 
spacetime, provides a model for the Hodge theory where we obtain the physical realizations 
of all the cohomological quantities of differential geometry [17-20]. 



Appendix E 

41 



Here we show that the Lagrangian densities (30) and (31), in addition to the six continuous 
symmetries {s(^a)b,S(a)d,Si^,Sg), respect two new bosonic symmetries but these new bosonic 
symmetries [cf. (67)] can not be regarded as the analogue of Laplacian operator of differ- 
ential geometry. These new bosonic symmetries are defined as: sL = {sb, Sad}, sL = 
{■5d, Sab}- If is interesting to point out that these bosonic symmetries sL and sL do not 
exist (i.e. {sd, Sah} = {sh, Sad} = 0) for the 2D Abelian 1-form [10-12] and 4D Abelian 
2-form gauge theories [13-16]. Under the following bosonic transformations sL and sL : 



5L'H'^ = -5m5, s«0?^ = -5m^, s«^^ = 9^(5i-53), s^^^[A,,,,K, 



fJ.Ul 



K^y, ICnu, K^fiiy, Cfiiy, Cfiu, Ffj^, Ffj_, /^, /^, /3^, B, Bi, B2, -B3, Ci,Ci, C2, C2J — 0, (-^--l) 

K^u, IC^u, f^fiiy, Cfj_,y, C^y, F^, F^, /^, /^, /3^, B, Bi, B2, -B3, Ci,Ci, C2, C2J = 0, {E.2) 

the Lagrangian densities (30) and (31) transform as follows: 



(i)£rM = s^}'^Cr,^ = -d. 



<b) 



(b) 



(2)£,M = s^'^U. = 9, 



<b) 



(b) - ^fi 



{B^-B^){d^B)-Bd^'{B,-B^ 



iB^ + B,)i^^B2)-B2^^iB^ + B, 



{E.3) 



(FA) 



Furthermore, it can be checked that the above bosonic symmetry transformations sL and 
Suj lead to the following conserved currents 



7M(1) 






3;, 



3;, 



J(Jl) = i^'" + Kn id.B^) - {d'^P" - d^n d,{B, + 53), 



'(^,fe) 



J', 



m(2) 



(u,b) 



(£M<^ + i?^-) {d,B2) - {d^P'' - 9-^^^) d,{B^ + 53), 



(i?.5) 

{F.Q) 

{F.7) 
(F.S) 



where the conservation law can be proven by exploiting the Euler-Lagrange equations of 
motion (38) and (39). The above conserved currents lead to the following expressions for 
the conserved charges (QI^^^-j = / d^x J/J^l where r = 1, 2 and s = b,b) 



Q 



(1) 
{uj,b) 



Q 



(1) 

(curb) 



^{uj,b) 



Q 



(2) 
{uj,b) 



d^x 
d^x 



(/C* - K""') (diB) - (9V' - 5'/3 ) di{Bi - Bs) 
(/C°^ + ir°^) {d,B2) - (9°^* - 9^^°) 9,(5i + Bs 



iF.9) 

(FAO) 
(FAl) 
(E.12) 
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Even though, the above bosonic charges remain invariant under the (anti-)BRST as well 
as (anti-)dual BRST symmetry transformations [cf. (34), (32), (49) and (48)], under the 
ghost-scale symmetry transformations Sg [cf. (72)], we obtain the following 

^9Q(uj,b) = ~'^[Q(u),b)'' Qal = +2 Q(u,b)'' ^9Q{uj,b) ^ ~'''[Q{w,b)' Qa] = +2 Q{uj,b)^ {E.13) 

■^9Q{u),h) ^ ~H^(a;,6)' ^9] ^ ^^ Q(ui,b)i ^9Q{u,b) ^ ~H^(w,5)' ^9} = "^ V(^^5)- [E.IA) 

Thus, the ghost numbers of Q/Jf,\, QfJi) ^^^ i^'^) ^^^ ^^^ ghost numbers of Q/Jf,\, Q/Jd 
are (—2) [cf. (E.17) and (E. 18) below] and, as a result, they do not commute with the 
ghost charge of the present theory. Moreover, at the level of symmetry transformations, 
the bosonic symmetries sL and sL commute with Sf,, Sab, Sd, Sad but they do not commute 
with the ghost-scale transformation Sg for the generic fields \l'i and \l/2, namely; 

[SW, Sg]^, ^0, M/l = 0«,0(f),^^, (i?.15) 

[S^^\ Sg\^>2 ^0, M/2 = 0^,0^,/?^, (i?.16) 

However, the bosonic symmetry s^j [cf. (58)] commutes with all the symmetry transforma- 
tions Sf,, Sab, "Sd, Sad, S3. Thus, due to the above mentioned reasons, these bosonic symmetries 
slo and si) (and the corresponding generators Ql) and QL ) are not the Casimir operators 
for the algebras (75) and (79). It should be noted that, for the sake of brevity, we have 

taken qL = (^(^,,6), Q(L,6)) ^"^^ Q^ — [Qt^,b)^ ^{^,b)) ^°^ °^^ further discussions. 

The clinching evidence that QL and QL are not the physical realization of the Lapla- 
cian operator of differential geometry emerges out from the ghost number considerations. 
From the algebra in (E.13) and (E.14), it is obvious that 

^Q.QL'Mx)n = (n + 2)Q«|x)„, {E.17) 

^ Q. QL'Mx)n = (^ - 2) QL'Mx)n. {E.18) 

Thus, we establish that Qlo and QL are not the analogue of Laplacian operator as is 
evident from the comparison between [(E.17), (E.18)] and (78). 
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